POLYNOMIAL SIEGEL DISKS ARE TYPICALLY JORDAN 

DOMAINS 



GAOFEI ZHANG 

Abstract. We prove that for typical rotation numbers polynomial Siegel disks are 
Jordan domains with boundaries containing at least one critical point. 



1. Introduction 

Let / be a holomorphic germ which has an indifferent fixed point. Suppose / is 
linearizable at p. The maximal linearizable domain D containing p is called the Siegel 
disk of / centered at p. The topology of the boundaries of Siegel disks is one of the 
important topics in complex dynamics. For general holomorphic germs, the boundary of 
the Siegel disk can be very complicated. Recently Cheritat constructed a holomorphic 
germ with a Siegel disk compactly contained in the germ such that the boundary of the 
Siegel disk is non- locally connected [2J. For rational maps, however, it has been believed 
that the Siegel disk is always a Jordan curve. This was conjectured by Douady and 
Sullivan in early 1980's and is one of the dominant open problems in this area. The 
conjecture has been settled in the case that the rotation number of the Siegel disk is of 
bounded type. Here we say an irrational number < 9 < 1 is of bounded type if all the 
coefficients of its continued fraction have a finite upper bound. 

Theorem 1 (Douady-Herman 7 , Zakeri [22], Shishikura [18] . Zhang [23]). All bounded 
type Siegel disks of rational maps are quasi- disks with at least one critical point on their 
boundaries. 

In contrast with the bounded type condition imposed on the rotation numbers, Ino and 
Shishikura recently showed that the conjecture holds for quadratic Siegel disks provided 
that the coefficients of the continued fractions are all large enough. 

Theorem 2 (Inou-Shishikura [10]). There is an N > 1 such that for any Brjuno number 
9, if all the coefficients of the continued fraction of 9 are larger than N , then the boundary 
of the Siegel disk of Pg(z) = e 27Tl0 z + z 2 is a Jordan curve. 

Note that the sets of both the bounded type and Ino-Shishikura type irrational num- 
bers have zero Lebesgue measure. 

In 2002 Petersen and Zakeri proved that for typical rotation numbers, a quadratic 
Siegel disk is a Jordan domain with a critical point on its boundary. To state their 
theorem more precisely, let us introduce another type of irrational numbers. Let C > 0. 
Let Oc denote the set of all irrational numbers < 9 < 1 such that 

(1) loga„ < Cy/n 
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holds for all n > 1 where [<xi, ei2, • • •] is the continued fraction of 9. We say < 9 < 1 is 
of David type if 9 G 0c for some C > 0. It is known that the set of David type irrational 
numbers in [0, 1] has full Lebesgue measure 

Theorem 3 (Petersen-Zakeri |17j). Let < 9 < 1 &e a David type irrational number. 
Then the Siegel disk of Pg(z) — e 2lTl0 z + z 2 is a Jordan domain whose boundary contains 
the unique finite critical point of Pq . 

The main purpose of this paper is to generalize the above result to polynomial maps 
of all degrees. 

Main Theorem. All David type Siegel disks of polynomial maps are Jordan domains 
with boundaries containing at least one of the critical points. 

One of the fundamental tools in our proof is trans-qc surgery. This surgery technique 
was pioneered by Haissinsky, who used it to transform an attracting basin into a parabolic 
basin, and then introduced to the study of Siegel disks by Petersen and Zakeri in [17] , 
Compared with qc surgery, the main difficulty in performing trans-qc surgery is to verify 
the integrability of certain degenerate Beltrami differentials. This often requires some 
delicate area estimates. In [17] the authors there used Petersen puzzles to obtain the 
desired estimate for the Douady-Ghys premodel. This idea was then adapted to some 
slightly more general situations in |25j . Up to now it is not known if the invariant 
Beltrami differential is always integrable for an arbitrarily given premodel. This is the 
essential challenge in generalizing Petersen-Zakeri's theorem to polynomial maps of all 
degrees. 

The idea of our proof can be sketched as follows. Suppose C > is a fixed constant 
and D is a David type Siegel disk of an arbitrary polynomial map with rotation number 
9 e 6c- By perturbing 9 we get a sequence of bounded type Siegel disks Dm with 
rotation numbers 9m € ©c such that 9m — > 9. By Shishikura's theorem, each ODm is a 
quasi-circle passing through at least one of the critical points. We shall see if 9 is not of 
bounded type, the qc constants of 8Dm,N > 1, are not bounded. This means that the 
oscillations of these quasi-circles can not be uniformly controlled with respect to the qc 
constants. Thus nothing can be obtained if we let N go to 00 at this point. The key of our 
proof is to find an appropriate way to measure the oscillations of these quasi-circles so that 
in this way, the oscillations can be uniformly controlled. To do this, we will introduce a 
sequence of oscillation functions. We prove that these oscillation functions are uniformly 
bounded for bounded type Siegel disks of a class of special polynomial maps with the 
rotation numbers belonging to Qc- This is the place where we use trans-qc surgery. 
We then show that for a bounded type Siegel disk of an arbitrary polynomial map with 
the rotation number belonging to ©c, the oscillation functions can be controlled, in 
certain sense, by those for the special ones. From this we derive that the oscillations 
of the sequence of quasi-circles are uniformly bounded. By passing to a subsequence if 
necessary, we may assume that the sequence of quasi-circles converge to some Jordan 
curve which passes through at least one of the critical points. This Jordan curve must 
be the boundary of the David type Siegel disk. This proves the Main Theorem. 

The following is the organization of the paper. 

In §2 we present a detailed outline of the proof. We first formulate a reduced version of 
the Main Theorem by introducing oscillation functions. We then state four key lemmas. 



POLYNOMIAL SIEGEL DISKS ARE TYPICALLY JORDAN DOMAINS 



3 



The proofs of these four key lemmas consist of the core part of the paper. Finally we 
prove the Reduced Main Theorem by assuming the four key lemmas. 

In §3 we prove that the Reduced Main Theorem implies the Main Theorem. 

In §4 we prove the first key lemma. This lemma says that the oscillation of the 
boundaries of bounded type Siegel disks for a class of special polynomial maps, with 
rotation numbers belonging to ©c, are uniformly bounded. The proof uses essentially 
the idea of trans-qc surgery. 

In §5 we prove the third and fourth key lemmas. These two lemmas are used to 
construct a chain of slices in the parameter space. Each of these slices is an algebraic 
Ricmann surface determined by a finite system of polynomial equations. We use this 
chain of Ricmann surfaces to establish a connection between an arbitrary Siegel polyno- 
mial map to those special ones. 

In §6 we establish a topological characterization of a class of polynomial maps with 
bounded type Siegel disks. It is an extension of Thurston's characterization for post- 
critically finite rational maps. As a direct consequence, we prove the Key-Lemma 2. We 
use this lemma to perturb certain Siegel polynomial map so that the resulted one can be 
embedded into an appropriate slice in the parameter space. 

In §7, the Appendix of the paper, we present a list of basic properties about bounded 
type Siegel disks of polynomial maps. Among these the most important one is Shishikura's 
theorem that all bounded type Siegel disks of polynomial maps are quasi-disks with qc 
constants depending only on the degree and the rotation number. From this we easily 
derive that when the rotation number is fixed, the boundary of bounded type Siegel disks 
moves continuously. This property plays an important role in our proof. 

Acknowledgement. I would like to express my deep thanks to Prof. Carsten Lunde 
Petersen who spent many hours discussing with me on an early version of the manuscript 
during his visit of Nanjing in March, 2012. 

2. Outline of the proof 

Fix an integer d > 2 and a David type irrational number < 9 < 1 throughout the 
paper. Let [a\, ■ ■ ■ , a„, • • • ] be the continued fraction of 9. By definition we have C > 
such that 

log a n < C\fn 

for all n > 1. Let 

P{z) = e 2me z + a 2 z 2 + ■ ■ ■ + a d z d 

with ad ^ 0. We want to show that the Siegel disk of P centered at the origin is a Jordan 
domain with at least one critical point on its boundary. 

For the above C > 0, recall that 0c denotes the set of all the irrational numbers 
< 9 < 1 such that log a n < C^/n for all n > 1 . Let 

fc c C 0c 

denote the subset consisting of all the bounded type irrational numbers in Qc- Let 
9 n € Q c , N > 1, be a sequence such that 8n ^ as N ^ oo. Such sequence can be 
constructed in many ways. For instance, we can define 



9n — [ffli, • • • , ajv, 1, 1, 1, • • • ]• 
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For each N > 1, let 

P N (z) = e 27rWN z + a 2 z 2 + ■■■ + a d z d . 

Then P/v converges to P uniformly in any compact set of the complex plane. It follows 
that the critical sets of all P/v are contained in a neighborhood of that of P, and therefore 
contained in a compact set of the plane. Let Dm denote the Siegel disk of P/v centered 
at the origin. Since 9m is of bounded type, by Shishikura's theorem ([IE], see also [23]). 
there is a critical point cm of P/v and a Km > 1 depending only on 

sup {a k }, 

l<k<N 

such that ODn is a if jv-quasi-circle and passes through cm- By taking a subsequence, 
we may assume that cm converges to some critical point c of P. Note that K m — > oo if 
sup fe>1 {afe} = co. Because otherwise, by taking a subsequence, 8Dm would converge to 
a quasi-circle passing through c. This quasi-circle must be the boundary of the Siegel 
disk of P centered at the origin. But by a result of Petersen |16j , the rotation number of 
such Siegel disk must be of bounded type. This is a contradiction. 
Let 

Q = c~ x P(cz) and Qn(z) = c^ 1 P{cm z). 
Then 1 is a critical point of both Q and Qm- Let us still use Dm to denote the Siegel 
disk of Qm centered at the origin. It follows that 1 € BDm for all N > 1. 

The main task of our proof is to show that the sequence of curves 8Dm converge to 
a Jordan curve passing through the critical point 1. Since the quasiconformal constants 
Km is unbounded, we need to find an appropriate way to measure the oscillation of these 
curves such that in this way, the oscillation of the curves can be uniformly controlled. 
This is the key of the work. More precisely, 

Reduced Main Theorem. There exist a pair of positive functions n,\ : (0,2] — s- R + 
satisfying 

lim \(5) = lim r](S) = 

such that for any N > 1, any pair of integers k > m > 0, and any pair of positive 
numbers < 8' < S, if 

6' < \e lk0N - e m6N \ < S, 

then 

(2) V (S')<\Q k N (l)-Q^(l)\<X(6). 

Proposition 2.1. The Reduced Main Theorem implies the Main Theorem. 

The proof of Proposition 12.11 will be given in §3. The main task of the paper is to 
prove the Reduced Main Theorem. The proof is based on four key lemmas. 

Definition 2.1. Let < a < 1 be a bounded type irrational number. Let 

gcom 

denote the class of all polynomial maps / of degree d such that 

1. / has a Siegel disk centered at the origin with rotation number a, 

2. the point 1 is a critical point of /, 

3. all the finite critical points of / are contained in the boundary of the Siegel disk. 
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We will give a topological characterization of a more general class of Siegel polynomial 
maps (cf. Theorem I2.1|) . We will see that each / € is uniquely determined by the 

d — 2 angles between 1 and all the other d — 2 critical points. 

The first key lemma states that the Reduced Main Theorem holds for these special 
Siegel polynomial maps. Recall C is the subset of 9c consisting of all bounded type 
irrational numbers in Qc- 

Key-Lemma 1. There exist a pair of positive functions r\\, Ai : (0, 2] — » K + satisfying 

lim X 1 (S)= lim Vl (S) = 0, 

8~>0 + 5-S-0+ 

such that for any 

fell n ad 

a ee b c 

any pair of integers k > m > and any pair of positive numbers < 5' < 5 satisfying 
S / < yke _ &m 9\ < s> the inequa i ity 

r/i(<5')<l/ fe (l)-/ m (l)l<AiW 

holds. 

The fundamental tool in the proof of Key-Lemma 1 is trans-qc surgery. The proof 
is based on Lemmas 12. If 12.31 Before we state the three lemmas, let us introduce some 
notations first. For any / e U Q ee b ^-geomj we wm snow that there is a Blaschke product 
Bf of degree (2d — 1) which models /. In particular, all the critical points of Bf, except 
and oo, are contained in T. Let hf : T — > T be the circle homeomorphism such that 

h f o (B f \T) o hj 1 = R a . 

Note that a is of bounded type and hf : T — > T is a quasisymmetric circle homeo- 
morphism. Because the qc constants can not be uniformly controlled, instead of making 
a usual quasiconformal extension of hf and then performing a qc surgery, we will con- 
struct a David extension Hf : A — > A of hf by adapting the idea in [17] and then 
perform a trans-qc surgery. Since a is of bounded type, the map Hf obtained in this 
way is necessarily quasiconformal. The key point here is that we regard Hf as a David 
homeomorphism when we measure its distortion. 

Lemma 2.1. There exist M,/3 > and < eo < 1 depending only on C and d such 
that for any f G U Q ee b ^geom* the conjugation map hf : T — > T has a David extension 
Hf : A — ¥ A satisfying the following. For any < e < eo, we have 

area{z € A | \fj, Hf (z)\ > 1 - e} < Me~^ . 

The key idea in the proof of Lemma [2~T] is that h f has a uniform saddle-node geometry. 
One of the most essential tools in our proof is Herman's uniform estimate on the distortion 
of cross-ratios for the compact family 

(3) {Bf\fe |J n a J m }. 

a ee b c 

We would like to point out that the compactness of the family ([3]) plays an essential role 
in the proof. The corresponding family in constructing Siegel disks of rational maps is 
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not compact, even for quadratic rational maps. In this case Herman's uniform estimate 
does not hold and the conjugation map hf does not have uniform saddle-node geometry. 
We believe Lemma POl still holds though we do not know how to prove it. This is the most 
essential difficulty to overcome if one wants to use the idea of this paper to generalize 
the Main Theorem to all rational maps. 

Now let Hf : A — > A be the David homeomorphism in Lemma \2. II Define 

B(z) = \ Bf{z) forzeC\A, 
A [HJ 1 oR a oHf(z) forzeA. 

Let Hf denote the Beltrami differential on the whole plane which is obtained by pulling 
back through the iteration of Bf. 

Lemma 2.2. There exist M, f3 > and < eo < 1 depending only on C and d such that 
for any f £ \J a ee b c n gcom. ™e have 

area{z € C | \^f(z)\ > 1 - e} < Me - " 

for any < e < cq. 

Lemma 12.21 asserts the uniform integrability of the invariant Beltrami differentials for 
all those premodels whose finite critical points are all contained in the unit circle. As 
we mentioned before the main difficulty in performing a trans-qc surgery is to verify the 
integrability of certain degenerate Beltrami differential. The key idea used in the proof 
of Lemma 12.21 is a method developed in [25] which allows us to obtain the desired area 
estimate. 

Lemma 2.3 (Tukia, |19j). Let T denote the class of all (M, /3, eo) -David homeomor- 
phisms of the plane to itself which fix and 1. Then there exist three constants M, ft > 
and < eo < 1 depending only on M , ft and eo such that any sequence in T has a sub- 
sequence which converges uniformly to a (M,a,io)-David homeomorphism of the plane 
which fixes and 1 . 

The Key-Lemma 1 is a direct consequence of Lemmas 12.11 - 1^751 (see §4). 

We would like to point out that in the case of cubic polynomial maps, the Reduced 
Main Theorem follows from Key-Lemma 1. The following is the detailed argument. 

Let a £ 8^ and let V\ denote the space of all cubic polynomials which have a Siegel 
disk at the origin with rotation number a and a critical point at 1. Let c denote the 
other critical point. Then V\ is parameterized by c and under this parametrization, 
is homeomorphic to the punctured plane C* = C \ {0}. For each c £ C*, let f c denote 
the corresponding cubic polynomial and D c denote the Siegel disk of f c centered at the 
origin. For any two integers k > m > 0, define 

a fe , m (c)=/ c *(l)-/ c ™(l). 

Since f c depends holomorphically on c when c varies in C*, Uk,m is a holomorphic function 
in C*. By a result of Zakeri (cf. §14 of [22]), there is a Jordan curve T C C* such that 

1. r separates and oo, passes through 1 and is invariant under c — > 1/c, 

2. for all c belonging to the inside of V and not equal to 0, dD c passes through the 
critical point c only; for all c belonging to the outside of T and not equal to oo, 
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dD c passes through the critical point 1 only; for all c belonging to T, dD c passes 
through both 1 and c. 

For the a given and d = 3, let Ai and 771 be the two positive functions in the Key-Lemma 
1. Note that T corresponds to the class Hgeom by the second assertion above. So for 
any pair of integers k > m > and any pair of positive numbers < 5' < 5 satisfying 
5' < \e lke - e lm9 \ < 5, we have 

(4) Vl (6') < \a k , m (c)\ < X 1 (6) for all c G T. 

Since 1 belongs to dD c for c belonging to the outside of T, <7k,m does not vanish in the 
outside of T. Noting that as c — > 00, f c converges uniformly to a quadratic polynomial, 
it follows that <Jk. m has a removable singularity at infinity. This implies <Jk. m is a holo- 
morphic function in the outside of T and doers not vanish. So both the maximal and 
minimal principle applies. It follows that (j4]) holds for all c belonging to the outside of T. 
The Reduced Main Theorem for cubic polynomials follows by taking A = Ai and rj = 771. 

The argument above, however, does not work for polynomial maps of degree d > 4. 
The reason is as follows. For each a € 0c, a Siegel polynomial map in is uniquely 

determined by the d — 2 angles between 1 and all the other d — 2 finite critical points. 
More precisely, there is a natural homeomorphism between IIg^ m and the set 

S'x-xS 1 /G d _ 2 

V v ' 

(d— 2) copies 

where Gd-2 is the permutation group of order d — 2. This implies that the set 

has real dimension d — 2. Thus for d > 4, the set LT^m can not bound a domain in the 

parameter space 

C* x ■ ■ ■ x C* , 

(d— 2) copies 

and we can not use maximal and minimal principles directly. To solve this problem, we 
will introduce certain slices in the parameter space. Each slice is an algebraic Riemann 
surface determined by a system of polynomial equations. We will apply the maximal 
and minimal principles successively on a chain of such slices, and finally prove that the 
oscillation of the boundary a Siegel disk for an arbitrary polynomial map, in certain 
sense, can be controlled by the oscillation of the boundaries of Siegel disks for those 
Siegel polynomial maps in the class n^^. Since we have proved that the later can 
be uniformly controlled, the Main Theorem follows. The construction of these Riemann 
surfaces relies on the other three key lemmas. Before we state them, let us first introduce 
some notations. 

Definition 2.2. Let < a < 1 be an irrational number of bounded type and d > 2 be 
an integer. We use 

gcom 

to denote the class of all degree d polynomial maps with a Siegel disk D of rotation 
number a such that each critical point either is attracted to some periodic attracting 
cycle, or belongs to the boundary of the Siegel disk. 

It is clear that 

gcom ^— gcom - 
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In §6 we will establish a topological characterization of all the polynomial maps in Sgeom- 
Suppose g £ Sgcom such that the boundary of the Siegel disk contains more than one 
critical point. The Key-Lemma 2 states that one can always perturb g in the class S™om 
so that after the perturbation all critical points in the boundary of the Siegel disk satisfy 
an orbit relation. 

Key-Lemma 2. Let g € T,^ m . Suppose g has two or more distinct critical points on 
the boundary of the Siegel disk, say c\, ■ ■ ■ , c m , where m > 2. Then for any e > 0, there 
is a g £ ^goom such that 

1- < 6 where \\g— g\\ denotes the maximal absolute value of all the coefficients 

ofg-g, 

2. g has exactly m distinct critical points on the boundary of the Siegel disk, say Ci, 
1 < i < m, such that |cj — &i\ < e for all 1 < i < m, 

3. there are integers ki, 2 < i < m, such that g ki (ci) = Ci for 2 < i < m. 

The proof of Key-Lemma 2 is based on Theorem 12.11 which gives a topological charac- 
terization of all the maps in Sg^ m . The theorem is an extension of Thurston's charac- 
terization theorem for post-critically finite rational maps. Before we state the theorem, 
let us introduce some terminologies first. A topological polynomial / of degree d is 
a branched covering map of the sphere to itself such that / -1 (oo) = {oo}. We say 
O = {xi, ■ ■ ■ ,x p } is a holomorphic attracting cycle of / if O is a periodic cycle of / of 
period p, and moreover, there is an open neighborhood U of O on which / is holomorphic 
and \Df p { Xl )\ < 1. 

Definition 2.3. Let < a < 1 be a bounded type irrational number. Let S"op denote 
the class of all topological polynomials of degree d such that 

1. / has at least one critical point in T, 

2. f\ A is the rigid rotation given by z — > e 27rlQ z, 

3. any critical point of / either is attracted to some holomorphic attracting cycle 
of /, or belongs to T. 

Let Pf denote the closure of the union of all critical orbits of /. We say a map / € S" Q p 
is CLH-equivalent to a map g £ Sg^ m if there exist two homeomorphisms <j> and ip of 
the plane to itself such that 

1. 0| A = -0| A is holomorphic, 

2. for each holomorphic attracting cycle O, there is an open neighborhood U of O 
such that (f>\U — ip\U, 

3. 4> is isotopic to -0 rel Pf U Uj[/i where L^s are open neighborhoods of all holo- 
morphic attracting cycles, 

4- <j> ° f = g o i>- 

Theorem 2.1. A map f G Sj^p is CLH-equivalent to a map g € Sgeom an d on fy */ / 
has no Thurston obstructions in the exterior of A. Such g if exists, must be unique up 
to a linear conjugation. 

For the definition of Thurston obstructions, the proof of Theorem 12. 1[ and how to 
derive the Key-lemma 2 from Theorem 12.11 see §6. Let us briefly sketch the idea of 
the proof of the Key-Lemma 2. Starting from g we get its topological model / £ Stop- 
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Then / has no Thurston obstruction in the exterior of A. By perturbing / in a small 
neighborhood of T we get a sequence f n in S"op such that all the critical points of /„ 
which belong to the boundary of the Siegel disk satisfy some prescribed orbit relation. It 
is clear that /„ has no Thurston obstruction in the exterior of A. By Theorem 12. 1[ there 
is a sequence g n £ Egcom sucn that f n is Thurston equivalent to g n . In particular, all 
critical points of g n which belong to the boundary of the Siegel disk satisfy the desired 
orbit relations. We then show that, by appropriate linear conjugations if necessary, the 
sequence g n is pre-compact and the limit polynomial map is equal to g. This implies 
Key-Lemma 2. 

Before we state the other two key lemmas, let us present some preliminaries first. Let 
< a < 1 be a bounded type irrational number. Let denote the class of all the 
polynomial maps / such that 

f( z ) = e 2ma z + a 2 z + ---+a d z d 

with ad 7^ and /'(l) = 0. Since / has d — 1 critical points (counting by multiplicities) 
and at least one of them is contained in the boundary of the Siegel disk centered at the 
origin, there are at most d — 2 attracting periodic cycles. Note that such / is uniquely 
determined by the set of its critical points. More precisely, for each (d — l)-tuple 

X = (ci, • • • , c<j_i), Cj 6 C* for 1 < i < d — 2, and Cd-i = 1, 

there is a unique / £ V„ such that X is the critical set of /. By a simple calculation, we 
have 

d 

f{z)=^a t z l 
»=l 

with 

„ _m A-ir 1 ^ Qd-i(ci,--- 

V 1 J C\"-Cd-1 

where Qd-i is the degree-(<i — i) elementary polynomials of ci, • • • , Cd-i- Let us denote 
such / by 

/ci,-,cd-2,i or fx- 

Let us recall some basic notions of algebraic functions. For more knowledge in this 
aspect, the reader may refer to [Tj. Suppose P(w, z) is an irreducible polynomial. Suppose 
P has degree m with respect to w. That is, 

P(w, z) = b (z)w m + b l {z)w m - 1 + ■■■ + b m (z) 

where b{(z) are polynomials of z and b${z) is not identically zero. Let R(z) be the 
resultant of P(w, z) and P w {w, z). Let 

Z = {zeC\ R{z) = or b (z) = 0}. 

Then for any z G C \ Z, there are exactly m distinct w such that P(w, z) = 0. Thus the 
equation 

P(w,z) = 

determines a multi-valued analytic function w = w(z) in the sense P(w(z), z) = 0. For 
each zq £ Z, there are two cases. 
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In the first case, R(zo) = 0. Then there is a mo £ C such that P(wo,zo) — and 
P w (wo,zq) = 0. In this case, there is an integer p > 2 such that in a small neighborhood 

of (w ,z ), 

OO 

k=0 

In the second case, bo(z) = 0. Then there are I < m finite complex numbers w, 
counting by multiplicity, such that P(w,z ) = 0. In this case, for z near z and w near 
infinity, 

oo 

w(z)= a k (z-z ) k/p 

k——n 

where p — m — I and n > 1 is some integer. 
The set 

{{w,z) e C 2 | P{w,z) = 0,z^Z} 

consist of a Ricmann surface embedded in C 2 . Note that for each z € Z, there may 
exist wq G C such that P{wo, zq) = and in a small neighborhood of (wo, zq), w(z) is an 
analytic function of z. After we add all such points to the above set, the resulted set is 
again an Riemann surface. We call this Riemann surface the algebraic Riemann surface 
determined by P(w, z) — 0. We call Z the set of algebraic singularities. 

Suppose now we have I > 2 irreducible polynomials Pi(wi,z) with Zi being the 
set of algebraic singularities of Pj. Then Z = Ui<«<; IS a finite set. Suppose 
(u>i, ■ ■ ■ ,w ; °,zo) € C' +1 such that z Z and for each 1 < i < I, Pi(w®,z ) = 0. 
Now let z run through all possible paths which start from z and do not pass through 
points in Z, we can simultaneously continue all Wi to multi- valued analytic functions on 
C\Z. The set 

{(wi(z), ■ ■ ■ ,u>i(z),z)} 

obtained in this way consist of a Riemann surface which is locally parameterized by 
z. The Riemann surface obtained in this way may have punctures (w[, ■ ■ ■ ,Wi,z' ) with 
z' Q G Z . That is, each Wi can be extended to an analytic function in a small neighborhood 
of (w-,Zq). Let us add all such punctures to the above set. The resulted set is again a 
Ricmann surface locally parameterized by z. 

Let / £ Pf. The Key-Lemma 3 states one can always embed / in an algebraic 
Ricmann surface in the parameter space 

C* x ••• x C* 

V v ' 

(d— 2) copies 

such that all the periodic attracting cycles of / (if there are) are preserved with the same 
multipliers when moving / along the Riemann surface. 

Key-Lemma 3. Let f G and 1 < / < d — 3. Suppose f has I attracting cycles with 
multipliers t\,- ■ ■ ,ti. Then there exist I irreducible polynomials 

Pi{x,y), l<i<l, 
and a way to label the critical points of f as 

c 1j i c d-2; c (2-l — J-j 
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such that for any (d — l)-tuple 

X = Oi(q+i),--- ,Wl(ci +1 ),Cl+i,Ci +1 ,--- ,c°_ 2 ,l) 

where Wi, 1 < i < I, are algebraic functions of c/+i determined by 

Pi(wi,ci + i) = and Wi(c° l+1 ) = c", 1 < i < I, 

the polynomial fx has I attracting cycles which depend holomorphically on c;+i and has 
constant multiplies t\, ■ ■ ■ , U. 

Now consider an / <G Sgj," m . Assume that / has I + 1 periodic attracting cycles and 
all the critical points in the boundary of the Siegel disk satisfy some orbit relations. The 
Key-Lemma 4 says by sacrificing one of the attracting periodic cycles, one can embed / 
in an algebraic Riemann surface in the parameter space such that when the parameters 
vary in this algebraic Riemann surface, the other I attracting cycles and their multipliers, 
and all the orbit relations among the critical points on the boundary of the Siegel disk 
are preserved. 

Key-Lemma 4. Let f e Sgcom and < I < d — 3. Suppose 

1. / has I + 1 attracting cycles with multiplies t\,--- , t;+i (each of them attracts 
exactly one of the critical points ), 

2. /'(I) = and 1 belongs to the boundary of the Siegel disk of f, 

3. there are other d — I — 3 critical points, say cf, ■ ■ ■ , c°_ ; _ 3 , on the boundary of the 
Siegel disk, and d—l — 3 integers ki > 1, such that f ki (l) = c { \ for 1 < i < d—l — 3. 

Then there exist a way to label the critical points of f as 

r° ... r° r° - 1 

c l; ' c d-2i c d-l — 1 

and d — 3 irreducible polynomials 

Pi(x,y), 1 < i < d-3, 

such that for any (d — l)-tuple 

X = Oi(c d _ 2 ), • • • ,w d - 3 (c d - 2 ),c d - 2 , 1) 

where w i} 1 < i < d — 3, are algebraic functions of c d -i determined by 

Pi(wi,c d - 2 ) = and w l (c° d _ 2 ) = c°, 1 < i < d - 3, 

the polynomial fx has I attracting cycles which depend holomorphically on c d ^2 and has 
constant multiplies t\, ■ ■ ■ ,ti, and moreover, f^ (1) = Wi(c d - 2 ) for 1 <i<d— I — 3. 

In particular, when I = d — 3, there is only one critical point, which is 1, on the 
boundary of the Siegel disk and thus there are no orbit relations. In this case, only I 
periodic attracting cycles are preserved and with same multipliers. 

The proofs of Key-Lemmas 3 and 4 will be given in §5. The main idea of the proofs 
is Euclidean algorithm. In the following we will prove the Reduced Main Theorem by 
assuming the four Key-Lemmas. 

For d = 2, the Reduced Main Theorem follows from the Key-Lemma 1 directly. Sup- 
pose d > 3 and assume that the Reduced Main Theorem holds in the case that the 
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degree is less than d. That is, there exist a pair of positive functions rjo, Ao : (0, 2] — > M + 
satisfying 

lim A (<5) = lim r/o(<5) = 0, 

(5->0 + (5^0 + 

such that for any pair of integers k > m > and any pair of positive numbers < 8' < 8 
satisfying 8' < \e tke - e lmB \ < 8, if 

f e ' ! n tt ' ! 

Qee^,2<(<(i-i 

then the inequality 

r/o(<5')<l/ fe (l)-.r(l)l<A (<5) 

holds. 

Take an arbitrary small e > 0. Let a € Q b c and 

f(z) = e 2 ^ a z + a 2 z 2 + --- + a d z d 

with ad ^ and /'(l) = 0. Assume that 1 belongs to the boundary of the Siegel disk. 
The remaining proof is divided into three steps. In the first step, we will construct a 
finite chain of Riemann surfaces in the parameter space to connect / to some polynomial 
map g for which the boundary of the Siegel disk centered at the origin contains only the 
critical point 1, and moreover, there are d — 2 periodic attracting cycles each of which 
attracts exactly one of the other critical points of g. The main tool used in this step is 
Key-Lemma 3. In the second step, we will construct a finite chain of Riemann surfaces 
in the parameter space to connect g to some polynomial map in the class Il^om- The 
main tools used in this step are Key-Lemma 2 and Key-Lemma 4. In the third step, we 
make the conclusion. 

Step I. Assume that the number of the periodic attracting cycles of / is less than 
d—2. Otherwise, we may go to Step II directly. Let us label the critical points of / as 

c li ; L d-2i c d-l — L - 

Fix c°, • • • ,c°_ 2 and c d _ 1 = 1. We will repeat the following process at most d—2 
times. Each time we will get some polynomial map which has at least one more periodic 
attracting cycle. 

Assume that / has I attracting periodic cycles with < / < d — 3. In the case I = 0, 
that is, / has no periodic attracting cycles, we just embed / into the one-parameter 
holomorphic family 

h ci = fc u c°,- ,c2_ 2 ,i> c i e C *- 
Otherwise, we have 1 < I < d — 3. Then by Key-Lemma 3, we can embed / into the 
holomorphic family 

^c ! + i = /ci,--- ,d,ci +1 ,c^ +2 ,--- ,c2_ 2 ,l 

which is locally parameterized by q+i, where all Ci — u>i(q + i), 1 < i < I, are algebraic 
functions of c; + i determined respectively by the / irreducible polynomial equations 

Pi(ci,c l+1 ) = 0, 1 < i < I. 

Note that <Jk, m (h Cl+1 ) can be regarded as a single- valued holomorphic function on a 
finitely many sheeted Riemann surface R branched over the c;+i-punctured-plane (C*) 
with finitely many branch points, and on each sheet, there are finitely many punctures 
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corresponding to the non- algebraic poles of the I algebraic functions a — iUj(c;+i), 1 < 
i < I. Recall that a point z is called an algebraic pole of an algebraic function if it is 
not only a pole but also a branch point. Let Si denote the set of all the poles (algebraic 
and non-algebraic) and S2 the set of all the branch points which are not algebraic poles. 
Although each point in R is determined by which sheet it lies in as well as its projection 
to the Ci+i-punctured-plane, to simplify the notation, in the following discussion we just 
use its c;+i-coordinate to denote the point when no confusion is caused. Now we have 
two cases. 

In the first case, h ci+1 is J-stable at c° +1 . Let U C R (In the case I = 0, R — C*) be 
the component in which Jh ci+1 moves holomorphically. Take a sequence c™ +1 in U such 
that crfe . m (/i c n +i ) converges to the supremum (the same argument works for the infimum 
for the function <7k, m {h Cl+1 ) does not vanish in U). By taking a subsequence we may 
assume that the sequence cf +1 converges to some boundary point c* l+1 of U. Since the 
Julia set of h Cl+1 moves holomorphically in U, for all the parameters in U , the boundary 
of the Siegel disk centered at the origin passes through the critical point 1. By the second 
assertion of Lemma l7.il the critical points of h Cl+1 are uniformly bounded away from the 
origin for all the parameters in U . Thus we have the following three subcases. 

Subcase I. c* +1 = 00 or c ; * +1 € Si. By Lemma 17.41 there is some polynomial map g of 
degree less than d for which the boundary of the Siegel disk contains the critical point 1 
such that 

(5) CTfe,m(/) < hm (Tk,m(hc™) = Vk,m{g) < A (<5). 

Subcase II. c* +i is a regular boundary point of U, that is, it is neither a pole nor a 
branch point. Then h ci+1 is not J-stable at c* +1 . Thus by McMullen-Sullivan's Theorem, 
one can take a q+i, which can be arbitrarily close to c*. x , such that h^ l+l has at least 
one more periodic attracting cycle than h c * i> Let D c * i and Dg l+1 denote respectively 
the Siegel disks of h c ' 1 and h& l+1 centered at the origin. Note that it is possible that 
1 ^ dDc l+1 . In this case, dDc l+1 contains some critical point c. 

Since 1 € dD c * i we have diam(D c * ) > 1. Since the boundary of the Siegel disk 
moves continuously by Lemma 17. 11 by taking q+i close enough to c ; * +1 we can make sure 
that diam(Z?c !+1 ) > 1/2. Now from the second assertion of Lemma T7. II we have 

|c| > diam(£> £i+1 )/£ > 1/2L. 

By taking q+i close enough to c ; * +1 , e?£)g (+1 , and thus c can be arbitrarily close to 
dD c * . Thus for the given e > 0, by taking c; + i close enough to c*. 1 , we can make sure 
that there exist a pair of integers k' > m! > such that k' — m' = k — m and 

<r k ,m(hc t+1 ) = \h k c *Jl) - h%Jl)\ < \ht l+l {c) ~ hf; +x {c)\ + e. 

Let 

h(z) = c~ l hii l+l {cz). 

Then the boundary of the Siegel disk of h centered at the origin passes through the 
critical point 1 and 

\h% +1 (c)-h%l 1 (c)\<2L-v k , tm ,(h). 
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We finally get 

(6) Vk, m (f) < lim a kiTn (h c? ) = cr k . m (h c * ) < 2L ■ a k ', m '(h) + e. 

Subcase III. c ; * +1 G S^- We may assume that c* +1 is not an isolated boundary point. 
This is because otherwise, in a small punctured neighborhood of c*, 1; by using a coordi- 
nate transformation cj+i = C J + c ; * +1 where J > 2 is the branch degree at c* +1 , 

F(C)=^,m(^ 1 + 1 )(C J +cr+l) 

is a holomorphic function of £ in an open punctured neighborhood of the origin. As 
£ — > 0, -F(C) converges to <J kim (h c * ) which is a finite complex number. Thus £ = is 
a removable singularity of F{C). Since -F(£) obtains maximal at £ = 0, it follows that 
-F(C) is a constant in a small neighborhood of the origin. It follows that <Jk,m{h c . l+1 ) is 
a constant in U. Since there are only finitely many branched points and poles, we can 
assume that C;* +1 = oo or is a regular boundary point of U. Hence we go back to Subcase 
I or Subcase II and hence either ([5]) or © holds. 

Now assume that c* l+1 is not an isolated point in dU . Since there are only finitely 
many poles and branch points, we can take a regular boundary point of U, say Q+i, 
in an arbitrarily small neighborhood of c* +1 . Since the Julia set of h Cl+1 moves holo- 
morphically in U, the critical point 1 belongs to the boundaries of the Siegel disks for 
all the parameters in U. In particular, for both hz l+1 and h c » 1 , the boundaries of the 
Siegel disks centered at the origin contain the critical point 1. For the given e > 0, by 
Lemma \7A\ we can take h+i close to c^ +1 enough so that 

&k,m.(h c * +1 ) < CTfc,m(^c i + 1 ) + e. 

Since c;+i is a regular boundary point of U, as in Subcase II, we can find h € 7-^ which 
has at least one more periodic attracting cycle than /ig i+1 and for which the boundary of 
the Siegel disk centered at the origin contains the critical point 1, and moreover, there 
are two integers k' > m! > with k 1 — ml = k — m such that 

(h- cl+1 )<2L 

' Gk' ,m' 

(h) + e. 

So finally we have 

(7) (/)< &k,m 

(/i c . +i ) < <J k ^ m (hc l+1 ) + e < 2L ■ (h)+2e. 

In the second J-unstable at c° +1 . Then by regarding c° +1 as c^ +1 and 

using the same argument as in the Subcase II of the first case, we can find h £ which 
has at least one more periodic attracting cycle than h c o +i and for which the boundary of 
the Siegel disk centered at the origin contains the critical point 1, and moreover, there 
are two integers k' > m' > with k' — m' = k — m such that (|6|) holds. 

Now we repeat the above process on h. Since each time the number of the attracting 
periodic cycles is increased by at least one, there are two possibilities. The first one is 
we get an inequality like ([5]) at some step, and therefore get 

(8) ffc,m(/) < 2L ■ (2L • (■ • • (2L ■ X (S) + 2c) + • • • ) + 2e) + 2e, 

where the number of the recursive steps is not greater than d — 3. The second one is 
we get a pair of integers k' > m! > with k' — m' = k — m and a polynomial map 
g £ which has d—2 periodic attracting cycles, each of which attracts a critical point, 
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and moreover, the boundary of the Siegel disk centered at the origin contains the critical 
point 1, such that 

(9) <Jk, m {f) < 2L • (2£ • (• • • (2L ■ a k >, m >{g) + 2e) + •••) + 2e) + 2e, 

where the number of the recursive steps is not greater than d — 2. 

If we get ((8]) we go to Step III directly. So assume that we get the above polynomial 
map g satisfying (|9|). 

Step II. Note that g has d — 2 attracting cycles and each of them attracts exactly 
one critical point, and the boundary of the Siegel disk centered at the origin contains the 
only one critical point 1. We will repeat the following process d — 2 times. 

Suppose < I < d — 3 and g £ T"^ has I + 1 attracting cycles, and there are d — I — 2 
critical points on the boundary of the Siegel disk, say cj,-- - ,c°_ ; _ 3 , and 1. By Key- 
Lemma 2, we can get a polynomial g £ arbitrarily close to g such that all the critical 
points on the boundary of the Siegel disk satisfy orbit relations, that is, g ki (l) = c, for 
l<i<d — I — 3; and moreover, g has I + 1 attracting cycles with the same multipliers 
as g. Because g can be arbitrarily close to g, we may assume that 

(10) Vk',m'{g) < <Tk>,m'(g) + e- 

Note that we start from the case I = d — 3. In this case the point 1 is the only critical 
point on the boundary of the Siegel disk, and thus there is no orbit relations among 
critical points on the boundary of the Siegel disk. 

By Key-Lemma 4, we can embed g in a holomorphic family 

^■C d _2 = fci,— ,C < J_3,C ( J_2,1 

such that h Cd _ 2 has / attracting cycles with constant multipliers t±, ■ ■ ■ , t;, and all the 
orbit relations are preserved, that is, h^t (1) = Ci, 1 < i < d — I — 3, where c,, 1 < i < 
d — 3, are determined by d — 3 irreducible polynomial equations Pi(ci, Cd~2) = 0. 
Again, (7]z f ,m' 

(h Cd _ 2 ) is a holomorphic function defined on a finitely many sheeted 
Riemann surface R branched over the Cd-2-plane. As in Step I let Si denote the set of 
all the (algebraic) poles and £2 the set of all the branch points which are not (algebraic) 
poles. Let S = Si U S2- Then S is a finite set. 

Let E C R \ S be the subset which contains all those points for which the boundary of 
the Siegel disk of h Cd 2 contains exactly those d — I — 2 critical points, ci, • • • , Cd-i-3, 1, 
which satisfy the orbit relations. We claim that E is an open set. Let us prove the claim. 
Suppose Cd-2 G E. Let D Cd _ 2 denote the Siegel disk of h Cd _ 2 centered at the origin. 
Then all the critical points of h Cd _ 2 , which do not belong to dD Cd 2 , have a positive 
distance from dD Cd 2 . By Lemma T7.31 in a small open neighborhood of Cd-2, all these 
critical points are still bounded away from dD Cd 2 . It suffices to show that the critical 
points, which satisfy the orbit relations, still belong to dD Cd 2 . Let us prove this by 
contradiction. Note that except 1, there are exactly d — l — Z critical points, c\, ■ ■ ■ , Cd-3 
on the boundary of the Siegel disk, and d — I — 3 integers, 1 < k\ < ■ ■ ■ < kd-1-3 such 
that f hi (l) = Ci, and moreover, there are I attracting cycles with multipliers ti, ■ ■ ■ , t/. 
If the claim were not true, then there would be a sequence c^_ 2 — ► Cd-2 such that for 
h c n _ , at least one of the d — I — 2 critical points, 1, c™, • • • , c^_j_ 3 , does not belong to 
dD c n_ 2 . For the convenience, let us denote Cq = 1. By taking a subsequence, we may 
assume that there is a an < i < d - I — 3 such that c™ 4 dD c ™ , and £ dD c ™ , for 
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alii + 1 < j < d — I — 3. Consider the map 

The map F Cd2 maps c$ to Cj+i and the local degree of F Cd2 at Cj is equal to that of /i Cd _ 2 
at Ci, which is two. This means there is a pair of Jordan domains A and B containing 
Cj and Cj_|_i respectively such that F Cd2 : A — > £? is a branched covering map of degree 
two. Then for all c d _ 2 close to q_ 2 enough, there is a pair of Jordan domains A n and 
£?„ with A n — » A and B„ — » B such that F c ™ : A n — > B n is a branched covering map of 
degree two. But on the other hand, when c d _ 2 is close to cj-2, c™ +1 is close to Cj+i and 
thus belongs to B n and cf is close to Cj and thus belongs to A„. Let z n G dD c ^ 2 be the 
point such that F c ^_ 2 (z n ) — c™ +1 . As c^_ 2 — * c d-2, we must have z„ — > Cj. Thus as n is 
large enough, z n belongs to A n also. This implies that the preimage of c™ +1 in A n under 
the map F c n , , counting by multiplicities, is at least three. This is a contradiction. 
Thus E is an open set and the claim has been proved. 

Let U denote the component of E which contains the point c d _ 2 . Since for all Cd-2 S U, 
1 belongs to the boundary of the Siegel disk on which h Cd 2 is qc-conjugate to the 
irrational rotation R a , aw ,m'(h Cd ^ 2 ) does not vanish in U. So both the maximal and 
minimal principles can apply to cry , m '(h Cd _ 2 ) in U. Take a sequence cJJ_ 2 in U such that 
Vk',m'{h c n 2 ) converges to its supremum (The same argument works for the infimum). 
By taking a subsequence, we may assume that cJJ_ 2 converges to a point c* d _ 2 € dU . 

Since for all c d -2 € U, the boundary of the Siegel disk of h Cd 2 centered at the origin 
passes through the critical point 1, by the second assertion of Lemma [7.11 all critical 
points of h Cd 2 are uniformly bounded away from the origin. Thus we have the following 
subcases. 

Subcase I. c* d 2 = oo or c* d 2 £ Si. By Lemma 17.41 there is some polynomial map h of 
degree less than d for which the boundary of the Siegel disk contains the critical point 1 
such that 

(11) <Jk',m'(g)< lim CTfc'.m'C^c™ ,) = <rk',m'{h) < A ((5). 
Subcase II. c* d _ 2 is a regular boundary point of U. We thus have 

(12) Vk>,m'{g) < o- k >, m >(h Cd 2 ). 

We claim that h c * has exactly one more critical point on the boundary of the Siegel 
disk, that is, there are d — Z — 1 critical points on dD c * . This is because the boundary 
of the Siegel disk moves continuously by Lemma [7731 since all the d — l — 2 critical points 
c i)'" , c^_;_ 3 , 1 belong to <9£> c «_ 2 , all the d — l — 2 critical points c*,-- - ,c^_ ; _ 3 , 1 
must belong to h c * also. If there is no more critical point on <9-D c * 2 j then c* d 2 £ S. 
Because E is open, there exists an open disk neighborhood of c* d _ 2 , say V in E. Since 
c d _ 2 —> c d _ 2 and c3_ 2 € U, it follows that U U V is a connected and open subset of E. 
This contradicts the assumption that U is a connected component of E. So there must 
be at least one more critical point in dD c * . Since h c * has / attracting cycles which 
attract at least I critical points, it follows that <9Z? C * 2 contains exactly one more critical 
point. The claim has been proved. 

Subcase III. c* d _ 2 £ S2. Then as in the Subcase III in Step I, by changing the coor- 
dinate Cd-2 = c* d _ 2 + C J for some appropriate integer j we may assume that c* d _ 2 is not 



POLYNOMIAL SIEGEL DISKS ARE TYPICALLY JORDAN DOMAINS 



17 



an isolated boundary point of U, for otherwise, we will go back to Subcases I or II. Thus 
we can choose a regular boundary point Cd-2 arbitrarily close to c* d _ 2 - By Lemma 17.41 
we an take Cd-2 close to c* d _ 2 enough such that 

(13) <J k >,m>{g) < 0-k>, m >(h c *_ 2 ) < CTk',m'(hc d _ 2 ) + £• 

As in the Subcase II, dDc d _ 2 contains exactly one more critical point, that is, d — I — 1 
critical points, and hc d _ 2 has I attracting periodic cycles, each of which attracts exactly 
one critical point. 

Now we can repeat the above process. Since each time the number of the critical 
points on the boundary of the Siegel disk is increased by one, after at most d — 2 steps, 
we can either get an inequality like (fTTj) at some step or we finally get a Siegel polynomial 
map h £ n^ m . From ([TO] ) -(fig ]) we have either 

(14) <rv,m'($) < 2L ■ (2L • (■ ■ • (2L ■ X {5) + 2e) + •••) + 2e) + 2e, 
where the number of the recursive steps is not more than d — 2 or 

(15) (Jy, m '{9) < 2L-(2L-(---{2L-a k ,, m ,{h) + 2e) + ---) + 2e)+2e, 

where the number of the recursive steps is not more than d — 2 and h £ ILg£~ m . From 
Key-Lemma 1, we have <Tk',m'{h) < Ai (5) . Thus (|15p can be rewritten into 

(16) cr k ^ m , (g) < 2L ■ (2L ■ (• • • (2L ■ Xi(S) + 2e) + • • • ) + 2e) + 2e, 

where the number of recursive steps is not more than d — 2. 
From © andHU), © and (HH) we have in all the cases 

(17) Vk,m{f) < 2L • (2L • (• • • (2L ■ max{A (<5) + X^S)} + 2e) + •••) + 2e) + 2e, 

where the number of the recursive steps is 2c? times. Since e > is arbitrary, by letting 
e — >• 0, we have 

Vk,m(f) < (2L) 2d -m^{X (S),X 1 (S)}. 
In the same way we can prove 

vk,m(f) > (2L)- 2d ■ mm{r) (5), m (5)}. 
Now define A, r\ : (0, 2] — >■ (0, +oo) by setting 

X{x) = (2L) 2d ■ max{A (x), Xi(x)} and r)(x) = (2L)~ 2d • mm{r) (x), rn(x)}. 
The proof of the Reduced Main Theorem is complete. 

3. Proof of Proposition 2.1 
Let F : C —¥ C be a continuous map. For any pair of integers k > m > 0, define 

(18) a fe , m (F) = |F fc (l)-F m (l)|. 
Suppose A, 77 : (0, 1] — > K + are a pair of positive functions such that 

(19) lim X(S) = lim r}(8) = 0. 

5 — >0_|_ (5—^-0+ 
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Lemma 3.1. Suppose for any pair of integers k > m > and any pair of positive 
numbers < 5' < S satisfying 

5 , < | e 2fe7T« _ e 2m7rie| < 5) 

we have 

r](S') < \F k (l) -F m (l)\ < A(<5). 

Then 

r = 

is a Jordan curve. Moreover, F : T — > T is a topological circle homeomorphism with 
rotation number 9. 

Proof. Let T denote the unit circle. Then X = {e 2knie }k>i is a dense subset of T. Define 
a map <f> : X -> C by setting ^e 2 ' 1 ™ ) = F fc (l) for every fc > 0. Then : X -> C is 
uniformly continuous by assumption. Thus ^ can be uniquely extended to a continuous 
map from T to C. Let us still denote the map by <j>. We claim that (f> is injective. 

Let us prove it by contradiction. Assume that <t>{x) = (f)(y) for some x ^ y e T. Let 
5' = 7}\x — y\. Since X is dense in T and <f> : T — »■ C is continuous, we have two integers 
k > m> such that 

(1) |e 2fc ™ e -x| < \x- 2/|/4, 

(2) |e 2 ™- e -y| < |z-y|/4, 

(3) |0(e 2fc " e )-</>(x)| < T7(5')/2, 

(4) |</,(e") - < V (S')/2. 

From (1) and (2) we have \ e 2km0 - e 2m™0| > | x _ y |/ 2 = 5'. From the assumption, 
we have |0(e 2fc7 " e ) - </>(e 2m7 " e )| > 77(5')- But from (3), (4) and <j>(x) = 4>{y), we have 
^ e 2kirie^ _ ^miriey < This is a contradiction. This implies that <j> : T ->• C is 

injective. Thus 

{^ fc (i)}r=o=^) = ^( T ) 

is a Jordan curve. This proves the first assertion. 
To prove the second assertion, note that 

F O <j) — <j) o R g 

holds on X. Since X is dense on T, <p is continuous on T and F is continuous on C, the 
above equation still holds on T. Since (f> is injective on T, it follows that 

cj)- 1 o F o <j) = R e 
holds on T. This proves the second assertion. 

□ 

This implies Proposition 2.1. 

4. Proof of Key-Lemma 1 

4.1. Uniform real bounds. We shall identify the unit circle with T = K/Z and give 
T the induced orientation. Let / : T — > T be a homeomorphism. Let (a, b, c, d) be a 
quadruple with a<b<c<d<a+l. Define the cross-ratio 

r , v, b — a d — c 
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and the cross-ratio distortion 



D(a,b,c, d,f) 



Let d > 2 be an integer. Let 



d-1 



H d = {g(z) = \z d J { 



1 



[f(a)J(b)J(c)J(d)} 
[a, b, c, d] 



, < | ai| < 1, g\t is a homeomorphism}. 



Lemma 4.1 (Herman, [5]). There is a < C(d) < oo depending only on d such that for 
any quadruple [a,b,c,d), any g G Hd and any integer m > 1, if all the intervals in the 
collection 

{fCOlS 1 , where I = (a, b), 
are disjoint with each other, then 

D(a,b,c,d,f m ) < C(d). 

Lemma 4.2 (Uniform power law). There exist constants v,C > 1 such that for any 
g G Hd, if c G T is a critical point of g, then for any ijeT with \x — c\ < \y — c\, we 
have 



g( x ) 


-9(c) 


<C ■ 


x — c 


g(y) 


-9(c) 


y-c 



Proof. Let / = [c,y] and J — [c,x]. By Lemma 15 of [?], when restricted to an open 
neighborhood of T, the maps in Hd consist of a normal family. Thus there exist a pair 
of positive numbers < m < M which depend only on d and an open neighborhoods U 
of T such that 

g'(z) = ^(z) ■ (z - c) 1 ■ H(z Ci f H(z- Ci) 1, 

where 

1. m< \4>(z)\ < M for all z eU, 

2. {c} U {c,, i e A U 6} = {z e U | g'(z) = 0}, 

3. dist(ci,c) > 2\I\ for all Cj G A and dist(ci,c) < 2\I\ for all c t G 0. 

Note that except and oo g has 2(d— 1) critical points, counting by multiplicities. So 
there exist constants < n(d),ri(d) < 1 depending only on d and a sub-interval I\ C / 
such that 

i \h\ > n(d) -\I\, 

ii dist(c,ii) > 77(d) • |/|, 

hi for any Cj € 8, dist(ci,/i) > n(d) ■ \I\. 

For any ^ G 9 and z G J, it is clear that dist(ci,z) < dist(ci,c) + dist(c, z). Since 
dist(ci,c) < 2|/| and dist(c, z) < \ J\ < \I\, we have 

(20) supdist( Cl ,z) < 3|/|. 

For any a € A and z G J, it is clear that dist(ci,z) < dist(ci,/i) + dist(z,/i). Since 
dist(z,/i) < dist(z,c) +dist(c,/i) < |J| + |/| < and dist(c 4 ,/i) > dist(c t ,c) - 
dist(c, Ii) > dist(ci,c) — |/| > |/|, we have 

(21) supdist(ci, z) < dist(ci,/i) + sup dist(z, Ii) < dist(ci,/i) + 2|/| < 3dist(ci, h). 

ze.J ze.J 
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Now from the intermediate value theorem we have £ 6 I\ and £ € J such that 

W)\ > \g(h)\ = \g'(0\ -\h\ = ■ K - 4 ■ ]J |£ - J]^" ' 

and 

- l.g'(C)l • \J\ = 1^(01 • IC - c\ l ■ J] |c - c,f J] |c - ^ • I j|. 

Since <? is of degree of 2d — 1 we have 2<l,li<2d—2 for alH £ 9U A. This, together 
with (i-iii) and (|20M21j) . implies 

\g(J)\ ^ M \J\ l o2d _ 2 3 2d - 2 1 



< r^r 1 -^ • 3^ 



\g(I)\ ~ m r,(d) l -\I\ l n{d) 2d ~ 2 r,{d)' 

Since 2 < I < 2d — 2 the lemma follows by taking v = 2 and 

M • 3 4d ~ 4 



C" = 



□ 



Let B G Hd such that the rotation number of B\T : T — > T is an irrational number 
and the point 1 is a critical point of B. It is necessary that the local degree of B at 1 is 
odd and not less than 3. We use backward notation. Let Xi denote the point in T such 
that B l (xi) = 1. Let 

I n = [l,x q J and I n+ i = [l,a; gn+1 ]. 

For i > 0, let l % n denote the subintervals of T such that B % (l % n ) — I n . Then the collections 
of the intervals 

(22) n n (B) ={r n , 0<t< q n+1 - 1; P n+1 , 0<l<q n -l} 

form a partition of T. We call H n (B) the dynamical partition of level n. For K > 1 and 
J,JcT, we say I and J are if-commensurable if \J\/K < |/| < K \ J\. 

Theorem 4.1 (Hcrman-Swiatek's uniform real bounds). There is a 1 < C(d) < oo 
depending only on d such that for any B € T-Ld for which B\T : T — > T is a circle 
homeomorphism with rotation number 9 and has a critical point at 1, we have 

1. the two intervals [x, B qn (x)\ and [a;, B~ q ™ (x)] are C(d)- commensurable for any 
x G T and n > 1 . 

2. any two adjacent intervals in the dynamical partition of level n are C(d)- commensurable 
for any n > 1. 

Proof. For the proof, see Proposition 3.3 and Corollary 3.6 of [TS]. We only need to 
notice that the constants obtained in [15] only depend on those in the two assumptions 
of Hypothesis 1 of |15j and in our situation, these two assumptions are satisfied because 
of Lemmas |4T] and 14.21 □ 
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4.2. The family Sd- Let d > 2 be an integer and a £ Qc be an irrational number 
of bounded type. Let / : T — > T be a circle homeomorphism and <j> : T — > T be a 
homeomophism such that 

/ = <f x oR a o<t>, 

We define the dynamical angle between two points x and y in T to be the angle between 
<fi(x) and 4>(y) anticlockwise. Recall that 11°,;^ denote the class of all polynomial maps 
of degree d which has a critical point at 1 and a Siegel disk centered at the origin and 
of rotation number a such that the boundary of the Siegel disk contains all the finite 
critical points. The next lemma provides the premodels for all the Siegel polynomial 
maps in the class 11^^. 

Lemma 4.3. For any tuple (ai, • • • , &d,-i) with < on < 2ir and ^2f = i cti = 2ir, there 
exists a B € Hd such that 

1. there are exactly d— 1 critical points c\ = 1, C2, • • • , Cd-i in T, ordered anticlock- 
wise and counted by multiplicities, 

2. the angle from Ci to Cj+i anticlockwise is ai for I < i < d — 1 (we identify c\ 
with Cd), 

3. the rotation number of B\T : T — > T is a. 

Proof. It is is a direct consequence of Theorem 12.11 □ 

Let Sd C T-Ld denote the class of all the Blaschke products guaranteed by Lemma 14.31 
In §6, we shall see that each / £ LT^^ is uniquely determined by the group of angles 
(ai, • • • , otd-i) formed by the d — 1 critical points on the boundary of the Siegel disk, and 
thus for any / £ IT^^, there exists a B £ Sd such that / is obtained from B through a 
qc surgery. 

4.3. Uniform saddle node geometry. Take B £ Sd- Then there is a circle homeo- 
morphism h : T — > T such that 

B|T = h^ 1 oR a oh. 

Here < a < 1 is a fixed irrational number in Qc- The aim of this subsection is to 
show that the non-linearity of h is characterized by uniform saddle node geometry which 
depends only on d and C. This is the most subtle part in the whole paper: the uniform 
estimate relies essentially on the compactness property of the family Sd, and does not 
hold for the corresponding family for rational maps. 

First let us give some notations. For i > 0, let Xi £ T be the point such that B l (xi) = 1. 
Let Pn/c/n be the n-th convergent of a. For each n > 0, define 

Qn = {%i | < i < q n }- 

Then Qq = {1}. The following proposition is summarized from §6 of [171 where the circle 
homeomorphism is induced by the Douady-Ghys Blaschke model which contains exactly 
one (double) critical point at 1. Since it only involves the combinatorial information 
about the rotation number and is independent of the number of the critical points in T, 
it still holds for B £ Sd- Recall that II„(_B) is the collection of intervals in the dynamical 
partition of level n defined in (|2"21 . 
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Proposition 4.1 (cf. §6 of 17J). Let < j < k < q n . Then Xj and Xk are adjacent 
in Q n if and only if k = j + q n -i and < j < q n - q n -i, or k = j + q n - q n -i and 
< i < q n -i- In the former case we have 

[Xk,Xj] n Q n +1 = {x k ,Xk+ qn ,X k +2g n ,- ■ ■ ,^fc+(o n+1 -l)g n ,^i}, 

and in the later case we have 

\Xj , Xk] HI Qn+1 — \Xj '5 ^j+q n , ■Ej J t-2q n ; 7 ^J+<1ti+i9ii 5 ^fc}- 

Moreover, each interval in T \ Q„ is either one interval in IT n (_B), or the union of two 
adjacent intervals in n„_i(_B). In particular, any two adjacent intervals in T \ Q n are 
incommensurable with K > 1 being some constant depending only on d. 

The last assertion of the above proposition is implies by the second assertion of 
Lemma 14.11 that any two adjacent intervals in Tl n -i(B) are C(d)-commensurable with 
C(d) > 1 being some constant depending only on d. 

When d — 2, B is exactly the Douady-Ghys Blaschke model considered in [17]. In this 
case the point 1 is the unique critical point of B in T. It is known that for every interval 
component / of T \ Q n , the map 

B*» :/_>/«» (i) 

is a diffcomorphism (cf. §6 of |17j). 

For d > 2, there are (d— 1) critical points in T, counting by multiplicities. If all these 
critical points collide into one critical point at 1, then for any interval component I of 
T\ Q n , the map B qn : I — > I is still a diffeomorphism. Otherwise, there are 1 < d' < d — 2 
distinct critical points other than 1. Let us denote them by Cj, 1 < i < d' and denote 1 
by Co- For any integer k > 0, let £ T denote the point such that B k (c^) = Ci. Let 

Ql = {c- | < fc < <?„}, 1 < i < d', n > 1. 

Then Q° n = Q n . 

Lemma 4.4. Let n > 1. TTien /or eac/i 1 < i < d! , we have 

1. in the case that k = j + q n -i and < j < q n —q n -i, the interval (xk, Xj) contains 
at most one point in Q n , 

2. in the case that k = j + q n — Qn—l an d < j < q n —l> the interval (xj, Xk) contains 
at most two points in Q n . 

Proof. Fix an 1 < i < d'. By replacing Q n by Q n in Proposition l4.il it follows that each 
component oiT\Q n either has the form [c™, c-], where m = l+q„~i and < / < q n — q n -i, 
or has the form [c\, cf 1 ] where m = I + q n — q n -i and < I < q n -\. 

For k = j + q n -\ and < j < q n — q n -i, It is clear that (xk, Xj) can not contain any 
interval of the form [c™, c\] with m = I + q n -\ and < I < q n — q n -x- By the property of 
closest returns, the interval (xk, Xj) can not contain any interval of the form [c\, cf 1 ] with 
m = I + q n — q n -i and < I < q n -i- In this case, we must have q„ — q n -i > Qn-i- This 
implies that (xk,Xj) contains at most one point in Q n . This proves the first assertion. 

For k = j+q n — Qn-i an d < j < q n -i, it is clear that the interval (xj,Xk) can contain 
at most one interval of the form [cf 1 , c\] with m = 1 + q n -i and < / < q n — q n -i and can 
not contain any interval with the form [c\, cf 1 } with m = I + q n — q n -i and < I < q n —i- 
This implies that (xj, Xk) can contain at most two points in Q n . This proves the second 
assertion. □ 
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Let I be an interval component of T\ Q n . Then the points in Q n +i divide / into finitely 
many sub-intervals. By Theorem 14. f I any two such sub-intervals are .fT-commensurable 
for some constant K > 1 depending only on d. When the number of such sub-intervals 
are large, however, the ones which lie in the middle position are very small compared to 
the ones near the end. This is the so called "saddle-node" geometry. More precisely, 

Lemma 4.5 (cf. Theorem 6.6 of |17j). Let d = 2. Then there is a universal constant 
K > 1 such that for any interval component IofT\ Q n , if the points in Q n +\ divide I 
into sub-intervals 

1 ; * * ' 7 i 

then we have 



K min{|/s|,|fc-m+l|} 2 11 min{|/fc|,|fc-m + l|} 2 

The aim of this subsection is to general the above lemma to the case that d > 2. 

Lemma 4.6 (Uniform Saddle Node Geometry). There is a K > 1 depending only on d 
such that for any B € Sd, if I is a component ofT\ Q n , then for any component J of 

d-2 

I\{J Q n 

i=l 

such that J contains at least one interval component of I \ Q n +i, we have 

^■\I\<\J\< 

Moreover, if 

J\ j * * ' 7 Jjn 

denote all the interval components of I \ Q„+i contained in J, then we have 



K min{|fc|, \k — m + 1|} 2 min{|fc|, \k — m + 1|} 2 

The proof of Lemma 14.61 uses Yoccoz's almost parabolic lemma, which is the same 
tool as in the proof of Lemma 14.51 Before we state this lemma let us introduce some 
terminologies hrst. Let n a be a positive integer and let I\ , • • • , /„ be consecutive intervals 
on the line or circle. By an almost parabolic map of length n and fundamental domains 

- ■ ■ , In, we mean a negative-Schwarzian diffeomorphism 

/ : h U • • • /„ -> h U • • • U I n+1 

such that f(Ij) = Ij+i- The basic geometric estimate on almost parabolic maps is due 
to J.-C. Yoccoz. 

Lemma 4.7 (Yoccoz's Lemma). Let /:/—>/(/) be an almost parabolic map of length 
n and fundamental domains < j < n. If \I±\ > a ■ \I\ and \I n \ > a ■ \I\ for some 
a > 0, then 

1 m < , 7 .| < c i j i 

C CT miny, n — j} z mm{j,n — j} z 

where C a > I is a constant depending only on a. 



The first assertion of Lemma 14.61 is implied by the following lemma. 
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Lemma 4.8. Let I and J be the intervals in Lemma \4-6\ Let Q° = Qn- Then for any 
interval component S of I\ Q n +i, if 

d-2 

Sn [J 2^0, 

then \S\ > \I\/C where C > 1 is some constant depending only on d. 

Proof. The argument is quite standard. By Proposition 14.11 we have two cases: either 
I = {xk,Xj) when fc = j + q n -\ and < j < q n — q n -i, or I = (xj, Xk) when fc = 
j + q n — q n -i and < j < q n -i- By Proposition 14.11 again, each of these two cases 
has two subcases. In the first case, S either has the form (xk+i q „ , Xk+(i+i) qn ) for some 
< I < a n+ i — 2, or has the form {xk+(a n+1 -i)q n , Xj), and in the second case, S either has 
the form {xj + i qri , ^j+(;+i) 9 „ ) for some < I < a n+ i — 1 or has the form {xj+ an+iqn , Xk). 
Since the proofs of all these four subcases are similar to each other, let us only deal with 
the first subcase. With a minor changes of the proof, the reader shall easily prove the 
remaining three subcases. 

Now we can suppose / = (xk,Xj) where k = j + q n -± and < j < q n — q n ~i and 
S = (xk+iq n ,x k+ Q +1 ) qn ) for some < I < a„+i - 2. Since S n Uf=o 2« ^ ®> tnere is a 
least integer < t < q n — 1 and a point x £ S such that B t (x) = c where c € T is some 
critical point of B. 

Let yo = c and for i > 0, let yi denote the point in T such that B t (yi) = c. Consider 
the following two group of intervals 

!• [yO,Vq„], [2/8„,2/<r„-9„-i], [yq„-qn-x,yq„-2q„-i] 

and 

n. [v2q n -i,Vq n -i], b?„-i>2/o], [yo,y q J- 

These intervals belong to the collection of the intervals of the dynamical partition of 
T of level n — 1 with respect to the critical point c. By Theorem 14.11 for each of the 
two group, the three intervals are C(d)-commensurable with C(d) > 1 is some constant 
depending only on d. Thus the cross ratios of both (y , y qn , y qn - qn _ 1 , J/ g „-2g„_i ) and 
(2/2<?„_i , 2/<j„_i , 2/0j 2/<2„) have a lower bound n(d) > depending only on d. Pull back the 
two group of intervals by B~ l . We get the following two group of intervals 

III. [x, B- q " (as)], [B~ qn (x), B- q - +q ^ (x)], [B- q " +q ^ (x), B- q - +2q ^ (as)] 

and 

IV. [B 2 ^- 1 (x),B qn - 1 (x)}, [Bi™- 1 (x),x], [x, B q " (x)}. 

Since < t < q n , the pull backs of each interval in I and II by B 1 , i — 0, 1, • • • , t, are 
disjoint. Thus the intersection multiplicity of the pull backs of each of the two groups / 
and 77 is not greater than 3(c? — 1). 

Now by Lemma [33] and the compactness property of the family Sd, it follows that the 
cross ratios of both 

(x, B- q " (x)^-""^- 1 (x), B- q " +2q — 1 (x)) 

and 

(B 2q "- 1 (x),B q - 1 (x),x,B q " (x)) 
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have a positive lower bound 77(d) > with i](d) > being some constant depending only 

on d. This implies that 

(23) 

\[x,B- q ™(x)]\ > \{d)-\[B- q "{x),B- q " +q "- 1 {x)}\ and \[x, B~ q "(x)}\ > X(d)-\[B qn - 1 (x), x}\ 

with X(d) > being some constant depending only on d. 
Since / = (xk,Xj) = (B~ q ™~ 1 (xj) 1 Xj) and x 6 /, we have 

I c [B^- 1 (x), x] U [x, (ar)] U [£-*• (x), B- q " +q - 1 (x)]. 

This, together with (|23|) , implies that 



(24) I^B-^^^M.I/I. 
By the first assertion we have 

[Xk+(l + l)q„ ■ Xk+(l+2)q n }\ < C(d) • | [^fc+( gn , ^fc+(i+l)g„] | 

where C(c?) > 1 is some constant depending only on d. Since 

X E S = [Xk+lq n ,X k+ (l +1 ) qn ], 

we have 

(25) [x, B~ Qn (x)] CSU [x k +iq n , a; fc+ (/ + i) gB ]. 
From ([24j) and ([25]) we have 

□ 

Let Ji , • • • , J m be the intervals in Lemma 14.61 From Proposition 14.11 it is known J\ , 
J2, and J3 are isT-commensurable for some constant K > 1 depending only on d. Let us 
consider the diffcomorphism 

B qn : J 3 U • •• U J m -> J 2 U ••• U J m _i. 



From Lemma 14.71 we see that to prove the second assertion of Lemma 14.61 it suffices to 
check two conditions. The first one is to show that the two boundary sub-intervals, that 
is, J3 and J m , are uniformly commensurable with the whole interval J. The second one 
is to show that B!^ has negative Schwarze derivative on J3 U • • • J m . The following lemma 
implies the first condition. 

Lemma 4.9. Let J and Ji, • • • , J m be intervals. Then there exist a > depending only 
on d such that \ Ji\ > a ■ \ J\ and \J m \ > a ■ \J\. 

Proof. Let us prove the first inequality only. The second one can be proved by the same 
argument. There are two cases. In the first case J± has a common boundary point with 
J. Then the boundary point must be a point in ljf =1 2 Q l n - By Lemma 14.81 we have 
|Ji| > \I\/C > \J\/C for some C > 1 depending only on d. In the second case, J\ is 
adjacent to an interval component of I\ Q n +i, say S, which contains a boundary point of 
J. By Proposition 14. 1[ S and J\ are if-commensurable for some K > 1 depending only 
on d. On the other hand, by Lemma [4.81 we have \S\ > \I\/C > \J\/C for some C > 1 
depending only on d. This implies that | Ji| > (KC)' 1 ■ | J\. This proves the lemma. □ 
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It remains to prove that B q ™ has negative Schwarz derivative on J3 U • • • U J m . Here 
when we talk about the Schwarz derivatives of B and its iterations, we regard T as R/Z 
and B : T — > T as its lift / : R — > R. In this way, -B is real in R and analytic in a strip 
neighborhood of R, and moreover, B(x + 1) = -B(a;) + 1. To simplify the notation we still 
use B to denote this map if no confusion arises. 

Lemma 4.10. There is a C > 1 depending only on d such that for any x and y in 
J3 U ■ ■ • U J m and all 1 < k < q n , we have 

DBHx) 
6 < DB«(y) <U 

Proof. It is known that the map B~ Qn : J%{J- ■ -U J m -i ~ > ^U- • -U J m is a diffeomorphism. 
Let U be the Euclidean disk such that dU is orthogonal to T and passes through the two 
end points of the arc 

Ji U • • • U J m . 

Then U contains Jg U • ■ ■ U J m -i in its interior, and moreover, since J\ and J m are 
incommensurable with J\ U • • • U J m and X > 1 is a constant depending only on d, it 
follows that the modulus of the annulus U \ Ji U • • • U J m -i has a positive lower bound 
depending only on d. Since t7 does not intersect the post-critical set of B, B~ Qn can 
be holomorphically extended to a univalent function on U. Let V = B~ qn (U). Then 
the modulus of V \ J3 U • • • U J m is equal to that of U \ Ji U • • • U J m -i and thus has a 
positive lower bound depending only on d. It is clear that for every 1 < k < q n , the map 
B k is univalent in V. The lemma then follows from the Koebe's distortion theorem. □ 

Lemma 4.11. There is an N > 1 such that for all n > N and all B £ Sd, if Ji, 
1 < i < m, are the intervals in Lemma \4-.6[ then S(B qn )(z) < for all z G J 3 U • • • U J m . 

Proof. Recall that we regard B as a holomorphic function defined in a strip neighborhood 
of R such that B : R — > R is a homeomorphism and B(x + 1) = B(x) + 1. Since <Sd is 
compact, one can take a £ > such that all B £ Sd are holomorphic in 

S = {z = .T + ij/ 1 

In particular, B'{x) is a periodic function with period 1. Since B' has at most d— 1 distinct 
zeros in each interval [x, x+1), there is a < k < 1 such that for each B € Sd, we can find 
ate [0, 1) such that all zeros of B' in [t — n, t + 1 + k] belong to (t,t + l). Let ci, • • • , Cd-i 
denote all the zeros of B' in (t,t+ 1). Let J7 = {x + iy | i— k < x < t+l + n, — £ < y < £}. 
For z £ U, let 

B'CO = .g(z) •n 1 <i< d _ 1 (z-c i ) 2 . 

Then j is a holomorphic function defined in J7. Let = {x + iy|t — k/2 < a; < 
t + 1 + — £/2 < y < £/2}. Since 5d is compact, by a compactness argument it follows 
that there is a < r\ < 1 depending only on d such that for all z € V, we have 

i- Is0)l > 

ii. \g'(z)\ < 1/r), 

iii. | 5 "(z)| < 

Let x 6 (t — n/2,t+ 1 + k/2) and a; ^ Cj, 1 < i < d - 1. Let 

P(x) = IIi<i< d _i(a; - Ci). 
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Then B'(x) = P(x) 2 ■ g(x). By direct calculations we have 

B"(x) = 2P(x)P'{x)g(x)+P(x) 2 g'(x) 
= 2P 2 (x)£(x). 9 (x) + P 2 (x)g'(x) = 2P 2 (x)^{x)g{x) + P 2 {x)g'(x) 
= P 2 (x)(2£(x). 9 (x)+. 9 '(x)) 

where 

x(x) = P>(x)/P(x)= Yl 



l<i<d-l X ° l 



and 

B"'(x) = 2P 2 (x)£(x)(2£(x). 9 (x) +g'(x)) + P 2 (x)(-2a(x)g(x) + 2E(x)</(x) +g"(x)) 
where 

*(x) = -V(x)= £ ' 



Ki<d-1 



■|2' 



Then 



and 



B'"(x) o , . , ,g'(x) . . g"(x) 
B (x) ( > V > g(x) V ; g{x) 



From 



we finally have 



B>(x) ~ 2S(X) + g{x) ■ 
bB{x) - B'(x) 2 { B'(x)> ' 

(26) SBix) = -2£ 2 (x) - 2E(x)^M - M x) + ™ - |(^. 

Let <5 = min 1 < i < (i _ 1 |x — Cj|. From the properties (i), (ii) and (iii), it follows that there 
is a < C < oo such that 

1. -2£ 2 (x) < 0, 

2. |-2X(x)^g>|<f, 

3. -2a(x) < -jr, 

a i g"( x ) 3t g"( x ) \2\ . r < 

All of these implies that 

SB(x)<~ 

provided that S = mini<i<d_i is small enough. Since B'(x) is periodic with period one, 
this is true for all x € K provided that S = dist(x, fls) is small enough where Qb is the 
set of all critical points in R. 

Now let us prove the lemma. Let J denote one of the lifts of J3 U • • • U J m to M. Let 
J, = B l (J) for i > 1. Let x e J be an arbitrary point. Let us consider the sum 

9„-l 

(27) SB 9 "(x) • \J\ 2 = J2 SB(B j (x))(DB j (x)) 2 ■ \J\ 2 . 

3=0 
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By Lemma 14.101 it follows that 

K-^\jtf<{DBi{x)Y-\J\ 2 <K-\jtf 

where K > 1 is some constant depending only on d. Take an e > small such that the 
above inequality holds. 

Let U = {x | dist(x, Q B ) < e} and V = {x | dist(x, fl B ) > e/2}. Take an N such that 
Jj is either contained in U or contained in V. We split the sum in ([27]) into Ei and E 2 : 
Ei consists of all the terms such that Ji is contained in U, and E2 contains all the other 
terms. 

Note that all the terms in Ei is negative. Moreover, by Theorem 14.11 there is a Jj 
such that dist(Jj, Qb) is if-commensurable with \Jj\ with K > 1 depending only on d. 
For such j we have 

SB(B j (x)) < 

K 2 ■ |J 3 | 2 

This implies that there is a 77 > such that 

Ei < -J] 

provided that n> N. 

On the other hand, for all x € V, \SB(x)\ < C for some < C < 00 depending only 
on d. Since the projections of all Jj, < j < q n — 1 to T are disjoint, we have 

3=0 

By taking N large enough, we can make sure that \Jj\ < (KC)^ 1 ■ r\. Then for all n > N, 
we have 

q„-i 

This completes the proof of the lemma. □ 

Now apply Lemma 14771 to the diffeomorphism B Qn : J 3 U • • • U J m — > Ji U • • • U J m -\- 
The two conditions in Lemma I4T71 are satisfied by Lemmas 14.91 and 14.111 Lemma l4~i)l now 
follows from Lemma |4. 71 

4.4. Proof of Lemma l2.11 The aim of this subsection is to prove Lemma HOI We will 
prove that there exist uniform constants M, a > and < eo < 1 such that for any 
B G Sd, the circle homeomorphism h B ■ T — > T induced by B has a David extension 
H : A — !• A which is a (M, a, eo)-David homeomorphism. The basic idea used here is the 
same as that used in [17]: For each of the two circle homeomorphisms h : T — >• T and 
R a : T — > T, we give a way to divide A into countably many polygons. For each pair 
of corresponding polygons, we construct a qc homeomorphism between them so that the 
restriction of the homeomorphism to each edge of the polygon is linear. The map H is 
obtained by gluing all these polygon homeomorphisms along the edges. Compared with 
the construction in [17] . a slight difference arises here. In Petersen-Zakeri's proof, the 
bottom side of each polygon consists of one single piece of saddle node geometry, while 
in our case, the bottom side of each polygon consists of several pieces of saddle node 
geometry. Our idea is to divide each polygon into finitely many pieces so that each new 
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one has one single saddle node geometry. In this way we can use the idea in [17]. The 
following lemma, which is essentially the Lemma 6.5 in |17j . is a fundamental block in 
this construction. 

Lemma 4.12 (cf. Lemma 6.5, [IT]). Let P and Q be two unit squares. Let 

X = {xi,x 2 , ■ ■ ■ ,x m } and Y = {yi,y 2 , • • • ,Vm} 

be two partitions of the two bottom sides of P and Q, respectively. Then P and Q become 
into two polygons by regrading the previous vertices of P and Q, and the points in X and 
Y as the new vertices of P and Q respectively. Suppose the partition X has Co-bounded 
saddle-node geometry for some C'o > 1, that is, 

1 | 1 ~ *^ XVh I I I I 1 *^ TTh | 

T< ^T~- - \ Xi ~ x *+i\ - C o . ( . rro, 1 < i < m- 1, 

Gommj^m-if mm{i,m— i\ z 

and Y has the C\-bounded linear geometry for some C\ > 1, that is, 

1 C\ 

\y\ - Vm\ < \w - Vi+i\ < \yi - y m \, 1 < i < m- 1. 



i • m m 

Then there is a K-qc homeomorphism F : P — » Q such that when restricted to the 
corresponding edges, F is a linear map and 

A"<C-(l + (logm) 2 ) 

where C > 1 is a constant depending only on Co and C\ . 

Recall a continuous curve segment is called a polyline if it connects finitely many 
distinct points x±, ■ ■ ■ , x m successively through straight segments. 

Definition 4.1. Suppose C > I and L is a polyline which connects x\,- ■ ■ ,x m . We say 
L has a C -bounded uniform saddle node geometry if 

l \X\ — X m \ I yO, \ X 1 ~ X m \ . 

<\Xi — Xi+i\<C — T-r. rpr, l<l<m — 1 



Cmin{i,m — i} 2 min{i,m — i} 

and C -bounded linear geometry if 

■\xi - x m \ < \xi - x t+1 \ < \xi 



C- 



m m 



To construct a David extension H : A — > A of the circle mapping h : T — > T with uni- 
form parameters M, a > and < e < 1, we need a generalized version of Lemma 14.121 

Lemma 4.13. Let P and Q be two unit squares. Let 

X = {xi,x 2 , ■ ■ ■ ,x m } and Y = {yi,y 2 , ■ • • ,Vm} 

be two partitions of the two bottom sides of P and Q, respectively. Then P and Q become 
into two polygons by regrading the previous vertices of P and Q, the points in X and Y 
as the new vertices of P and Q respectively. Let I > 1. 

Suppose the partition X consists of I pieces all of which have Co-bounded saddle-node 
geometry for some Co > 1, that is, 
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1. there exist 

1 = mo < mi < m% < ■ ■ ■ < to;_i < mi = to 

such that 

\xo ~ X m \/C < \x mi -i ~ X mi \ < \xo ~ %m\, 1 < * < U 

and 

2. for < i < m — 1 and rtii < j < TOi+i, 

1 |*^mi ^mf+i I \ ^ r~i \Xm,i X 

< \Xj - Xj + i\ < Cq- 



Co min{j - to, + 1, m i+ i - j} 2 min{j - m, + 1, m l+1 - j} 2 ' 

Suppose in addition that Y has C\-bounded linear geometry ] or some C\ > \, that is, 

\Vi - Vm\ < \y 3 ~ Vj+i\ < — ■ 1 2/i - y m \, 1 < j < m- 1. 



1 • TO TO 

TTien t/iere is a K-qc homeomorphism F : P — > Q smc/i i/iai w/ien restricted to the 
corresponding edges, F is a linear map and 

K < C ■ (1 + (log to) 2 ) 

where C > I is a constant depending only on Co, C\ and I. 

Proof. Let A and B denote the two vertices of the bottom side of P. Let A 1 and B' 
denote the two corresponding vertices of the bottom side of Q. 
If I = 1, then the lemma is implied by Lemma \4. 121 

Suppose / > 2 and the lemma holds for I — 1. Let us prove the lemma holds for 
I. Then either toi — mo > to; — to;_i or toi — too < to; — TO;_i. Let us assume that 
toi — too > to; — to;_i. The case that toi — too < to; — to;_i can be treated in the same 
way. Let 

TO; - TOq 
_ TO; - TO;_i 

where [ • ] denote the integer part of a number. Then n > 6. 

Claim: There exist _ftTi, Ca > 1 depending only on Co, and C3, > 1 depending only 
on C\, and two group of points x[, ■ ■ ■ ,x' n and y 1; • • • , y' n , such that 

1. X^ X\ A, X n _-t t X 7ni , X n *£rri2 ^5 

2. lies in the interior of P for all 2 < j < n — 4 and j = n — 2, n — 1, 
3- 2/1 = 2/1 = A', y' n _ 3 = y mi , y' n = y„ l2 = B', 

4. y'j lies in the interior of Q for all 2 < j < n — 4 and j = n — 2, n — 1, 

and moreover, if L and L' are two polylines connecting x'±, ■ ■ ■ ,x' n , and y[, ■ ■ ■ ,y' n re- 
spectively, then 

5. L has C2-bounded saddle-node geometry, 

6. Let L\ be the part of L connecting A and x mi and Li be the remaining part 
of L. There exist a polyline S between L\ and the straight segment [A, x mi ] 
which consists of three straight segments and connects A and x mi such that 
the following properties hold. P is divided by L and S into four polygons P\, 
P2, P3, Pa, where Pi is the top one, Pi is the one at the right-lower corner, 
P3 is the one bounded by S and L%, P4 is the one bounded by S and [A,x mi ]. 
Moreover, for each i = 1,2,3, 4, there is a K%-qc homeomorphism <pi mapping 
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Pi to a polygon which comes from a standard square with the bottom side being 
divided into finitely many pieces satisfying either Co or C2-bounded saddle-node 
geometry (cf. Lemma H. 121 for the description of such polygon). More precisely, 
for Pi, L is mapped to the bottom side which satisfies C2-bounded saddle node 
geometry; for P2, [x mi ,B] is mapped to the bottom side which satisfies Co- 
bounded saddle-node geometry; for P3, Lj is mapped to the bottom side which 
satisfies C2-bounded saddle-node geometry; for P4, [A,x mi ] is mapped to the 
bottom side which consists of (/ — 1) pieces each of which satisfies Co-bounded 
saddle-node geometry. For each Pj, 1 < i < 4, the map is linear on each edge of 
Pi and maps each edge of Pi to the corresponding edge of the polygon. 

7. V has C3-bounded linear geometry, 

8. Let L'i be the part of L' connecting A' and y mi and L' 2 be the remaining part 
of L'. There exists a polyline segment S' between L'i and the straight segment 
[A' , y mi ] which consists of three straight segments and connects A 1 and y mi such 
that the following properties hold. Q is divided by S' and L' into four polygons 
Qi, Q2, Q3, Qi, where Qi is the top one, Q2 is the one at the right-lower corner, 
Q3 is the one bounded by S' and L'i, C/4 is the one bounded by S' and [A' , y mi ]- 
Moreover, for each i, there is a K 2 -qc homeomorphism ip^ mapping Qi to a 
polygon which comes from a standard square with the bottom side being divided 
into finitely many pieces satisfying either Ci or C3-bounded linear geometry 
(cf. Lemma [4.121 for a description of such polygons). More precisely, for Qi, 
L' is mapped to the bottom side satisfying C3-bounded linear geometry, for Q 2 , 
[y mi B'] is mapped to the bottom side satisfying Ci-bounded linear geometry, for 
Q3, L'i is mapped to the bottom side satisfying C3-bounded linear geometry, for 
Q4, [A' , y mi ] is mapped to the bottom side which consists of (I — 1) pieces each 
of which satisfies Ci-bounded linear geometry. For each Qi, 1 < i < 4, the map 
is linear on each edge of Qi and maps each edge of Qi to the corresponding edge 
of the polygon. 

Note that n < m. By Lemma 14.121 and the induction assumption, there exists a 
C > 1 depending only on Co, Ci, C2, C3, / and thus only on Co, C\ and I (since C2 and 
C3 depend respectively on Co and Ci) such that for each i — 1,2,3,4, there is a K-qc 
homeomorphism <ii mapping fa(Pi) to ipi(Qi) an d satisfying the following properties. 

1. K <C ■ (l + (logm) 2 ), 

2. each edge of fa(Pi) is linearly mapped to the corresponding edge of i/ii(Qi)- 

Note that Pi is mapped to Qi by V^ 1 Oi ° fa such that each edge of Pi is linearly mapped 
to the corresponding edge of Qi. Since fa is Ki-qc and tpi is -^2-qc, thus i/^ 1 o< fa is 
Ki ■ K 2 ■ C'-qc. Since Ki and K 2 depends respectively on Co and C\ and C depends on 
Co, Ci and I, it follows that C = Ki ■ K% ■ C depends only on Co, C\ and I. We can now 
glue the maps ipi 1 a i fa along the edges of Pi and get a qc map F : P — > Q with qc 
constant bounded by C • (1 + (logm) 2 ). This proves the lemma by assuming the claim. 

Now let us prove the Claim. Let us first describe how to choose the points x\, i = 
0, • • • , n. Let a = \ [A, i mi _J| and b — | [x mi _ 1 ,B]\. Let x' = xq = A, x' n _ 3 — x mi _ 1 and 
x' n = B. Let x'i be the point in the interior of P such that the length of [x' , x'i] is equal 
to a/2, and the angle formed by [xq,x^] and [^4,-B] is 7r/3. Let x^_ 4 be the point in the 
interior of P such that the length of [x' n _ 4 , x' n _ 3 ] | is equal to a/2 and the angle formed 
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Figure 1. Divide P and Q into four polygons with one side with 
saddle-node and linear geometry respectively 

by [a4_4,24_3]| an d [i m ,_i,j4] is equal to ir/3. Then the straight segment [x' 1 ,xj l _ 4 ] 
has length a/2. There is an obvious way to insert points x' 2 , ■ ■ ■ ,x' n _ 5 in the interior of 
[x' l7 x' n _ 4 ] so that the horizontal polyline 

[#!,■■■ j X n-4,] 

satisfies ©-bounded saddle-node geometry with © > 1 being some universal constant. 

Now let x' n _ 2 be the point in the interior of P such that the length of [x' n _ 3 ,x' n _ 2 ] is 
equal to 6/2 and the angle formed by [x' n _ 3 , x' n _ 2 ] and [x' n _ 3 ,B] is tt/3. Let x' n _ 1 be the 
point in the interior of P such that the length of [x' n , x' n _ 1 ] is equal to 6/2 and the angle 
formed by [x' n , x' n _ 1 ] and [B, A] is equal to tt/3. Then the length of the horizontal straight 
segment [x' n _ 2 ,x' n _ 1 ] is 6/2. Since a and 6 are Co-commensurable, and [x[,--- ,x' n _ 4 ] 
satisfies ©-bounded saddle-node geometry, it follows that the polyline 

L = [x , ■■ ■ ,x n ] 

satisfies C2-bounded saddle node geometry with C 2 > 1 depends only on Cq. 

Now let us describe how to construct the polyline S. Let sq = A and S3 = x mi _ 1 . Let 
Si be the point in the interior of P such that the length of [sq, s\] is equal to a/3 and the 
angle formed by [so,si] and [A, B] is ir/A. Let s 2 be the point in the interior of P such 
that the length of [s2>S3] is equal to a/3 and the angle formed by [s2,S3] and [x mi l , A] 
is 7r/3. Let S be the polyline which connects so, si, s 2 and S3. 

Let Li bet he part of L connecting x' and x mi _ 1 and L 2 be the remaining part of 
L. Then from the construction we see that L and S divide P into four polygons Pj, 
1 < i < 4: Pi is the top one; P 2 is the one bounded by L 2 and P3 is the 

one bounded by L\ and S; and P4 is the one bounded by S and [A, x mi _J. Each of 
these polygons has four sides, the three of which are straight segments and the last one 
is a polyline with either Co or C2-bounded saddle node geometry. Here C2 > 1 is some 
constant depending only on Co- Since the geometry of each Pj is well controlled, it is 
not difficult to construct the desired qc homeomorphisms <pi which maps each P, to a 
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standard square with the bottom side being divided into finitely many pieces satisfying 
either Co or C2-bounded saddle node geometry. 

Let us now describe how to construct the polylines U and Q' . Let a' — |[A',y mi l ]| 
and b' = \[y mi _ 1 ,B']\. By assumption it follows that 

a > c z . 

Let y' = y = A', y' n _ 3 = y mi _ t and y' n = B' . Let m = [n/3] and n 2 = [2n/3]. Let y' ni 
be the point in the interior of Q such that the length of [y' , y' ] is equal to a'/2, and the 
angle formed by [y ,y' ni ] and L4',£?'] is n/3. Let y' n2 be the point in the interior of Q 
such that the length of [y' n2 ,y' n -^\\ is equal to a'/2 and the angle formed by [y' n2 ,y' n -z\\ 
and [ymi-i , A'\ is equal to tt/3. Then the straight segment [y[, y' n2 ] has length a'/2. Now 
we insert points y[,--- ,y' ni _i in the interior of [y' ,y' ni ], and y' ni+1 ,--- ,y' n2 -i in the 
interior of [y' ni ,y' n ~], and y' n2+1 , ■ ■ ■ ,y' n _ 4 in the interior of [y„ 2 ,y„- 3 ], so that 

H,y'i + i}\ = \[yiyn 1 }/M o<i<m-i, 

Ik'.J/i+ill = l[j/ni'2/n 2 ]/("2 -ni), ni < i< n 2 - 1, 

and 

|[j/i.2/i+i]| = l[2/n 2 >yn- 3 ]/( n - 3 - "2), «2 < i < n-4. 
Now let j/^_ 2 be the point in the interior of Q such that the length of [2/^-3,2/^-2] is 
equal to b'/2 and the angle formed by [2/^-3,2/^-2] an d [2/^-3, -B'] is t 1 "/ 3 - Let 2/^-1 be 
the point in the interior of Q such that the length of [y' n , y' n _i\ is equal to b'/2 and the 
angle formed by [y' n , y' n _i] and [B', A]' is equal to ir/3. Then the length of the horizontal 
straight segment [y' n _2, y' n -i\ i s b'/2. Now by the choice of the integer n, it follows that 
the polyline 

L=[y' ,--- M 

satisfies C 3 -bounded linear geometry with C 3 > 1 depends only on C\ . 

The construction of S' is very similar to that of S. Let s' = A' and s' 3 = y mi -i- Let 
s[ be the point in the interior of Q such that the length of [s' , is equal to a'/3 and 
the angle formed by [sq,s']J and L4',£?'] is 7r/4. Let s 2 be the point in the interior of 
Q such that the length of [s 2 ,s 3 ] is equal to a'/3 and the angle formed by [s 2 ,s 3 ] and 
[y' mi _ 1 , A'] is 7r/3. Let S' be the polyline which connects So,Si,s 2 an< ^ s 3' 

Let L[ bet he part of L' connecting y' and y' m ,_ 1 and L' 2 be the remaining part of 
L' . Then from the construction we see that V and S' divide Q into four polygons Qi, 
1 < i < 4: Qi is the top one; Q 2 is the one bounded by L' 2 and [j/m ( _D -S']; Q3 is the 
one bounded by L\ and S'; and Q4 is the one bounded by S' and [A\y mi l ]. Each 
of these polygons has four sides, the three of which are straight segments and the last 
one is a polyline with either C\ or C3-boundcd linear geometry. Here C3 > 1 is some 
constant depending only on C\. Since the geometry of each Qi is well controlled, it is 
not difficult to construct the desired qc homeomorphisms ipi which maps each Qi to a 
standard square with the bottom side being divided into finitely many pieces satisfying 
either C\ or C3-bounded linear geometry. 

This proves the Claim and completes the proof of the lemma. 

□ 
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Now let us prove Lemma 12.11 The idea of the proof is the same as the one used in 
[17j . The essential difference is that in the situation here there are two or more critical 
points in the unit circle, so we will use Lemma \4. 131 instead of 14.121 Let / e n^^. Let 
B E Sd be the Blaschke product which models /. First let us introduce the concept of 
Yoccoz's cells. Recall that 

Qn = {xi | < i < q n }. 

Take 

(28) N > 1 

large enough such that for all n > No, d(xi, Xj) < 1 holds for any two adjacent points Xi 
and Xj in Q n . Note that No can be taken to be uniform (This is because On — > and all 
#iv and 9 are irrational numbers, and Sd is a compact family). From now on we always 
assume that n > Nq. 

For each Xi € Q n , let \ji be the point on the radial segment [0, Xi] such that 

\Ui - Xi\ = d{x r ,xi)/2 

where x r and xi denote the two points immediately to the right and left of Xi in Q n . 

Definition 4.2 (Yoccoz's cells). Let Xi and Xj be any two adjacent points in Q n . Connect 
Ui and yj by a straight segment. Then the three straight segments [x,, j/j], [j/j, t/j], [xj, jjj], 
and the arc segment [xi,Xj\ bound a domain in A. We call the closure of this domain a 
cell of level n. The segment [yi,yj] is called the top side of the cell. 

Let E be a cell of level n. Let E\, ■ ■ ■ , E m be all the cells of level (n + 1) which are 
contained in E. Then 

m 

E\\jE t 

i=l 

is a polygon. Note that one side of such polygon is a polyline which is the union of 
the top sides of all the cells of level (n + 1) which are contained in E. By Lemmas 14.41 
and 14.61 and the construction of the polygons, it follows that the the polyline consists of 
at most 2d — 3 pieces each of which contains finitely many straight segments satisfying 
Ci-bounded saddle-node geometry, where C\ > 1 is some uniform constant. Let us call 
these polygons of type I. 

On the other hand, consider the set 

q; = {4 1 o < * < q n } 

where x\ € T is the point such that Rg N (yi) = 1, < i < q„. We can use the same way 
to define the cells and polygons as above. As above one side of the polygon is a polyline. 
It is easy to see that the polyline satisfies some C2-bounded linear geometry with C2 > 1 
being some uniform constant. Let us call these polygons of type II. 

The construction of the map H : A —> A uses the same idea as in [17] . Suppose Pj is a 
polygon of type I and level n > No. Let Qi be the corresponding cell of Pi. We first map 
Pi and Qi to polygons described in Lemma 14.131 through qc maps & and <7j respectively. 
Note that the bottoms sides of Pi and Qi satisfy uniform saddle-node geometry and 
linear geometry respectively. From Theorem 14.11 £j and <Ji can be constructed so that 
their qc constants are uniformly bounded (cf. [17]. Since the two bottom sides of £i(Pj) 
and <Ji(Qi) satisfy uniform saddle and linear geometry, by Lemma f4 . 1 31 there is a uniform 
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C > 1 and a qc map t% : £j(Pj) — > <Ji(Qi) such that t; maps each edge of £j(Pj) linearly 
to the corresponding edge of o~i(Qi) and the qc constant of Ti is bounded by 

K n = C-(l + (loga n+1 ) 2 ). 

Now define 

4>% = o-r o n o fa. 

The complement of all polygons Pi of type I in A is a polygon contains the origin in 
its interior whose boundary is the union of the top sides of all cells of level Nq. Let us 
denote this polygon by Pq. Similarly, the complement of all polygons Qi of type II in A is 
a polygon contains the origin in its interior whose boundary is the union of the top sides 
of all cells of level Nq. Let us denote this polygon by Qq. Since Sd is compact, it follows 
that there is a uniform Kq > 1 such that for all B € Sd-, there is a -Ko-qc homeomorphism 
(f>a : Pq —> Qq which maps each edge of Pq linearly to the corresponding edge of Qq. Now 
we can define H : A — > A by gluing all <fc along the edges of all polygons Pi . 

Let us now prove the existence of the constants M, a > and < eo < 1 so that 
Lemma [2.11 holds. Let eo = jj^ — • By Theorem 14. 1[ it follows that there exist C > 
1, < 5 < 1 such that the area of the union of all cells of level n is less that C\8 n . For 
any < e < eo, let n > Nq be the least integer such that e > 1+J ^ — . Then by a simple 

calculation, it follows that n > for some uniform constant Cq > 0. By the minimal 
property of n it follows that e < . This means the following set 

{z £ A | \n H {z)\ > 1 - e} 

is contained in the union of all the cells of level n. Thus the area of the above set is 
bounded by Ci8 n . Since C x 8 n = Cie-™ ln 7 < Cie^^ ln ^, Lemma O follows by taking 
M = Ci and a = ^- • ln±. 

4.5. Proof of Lemma [HH Let B e S d and h = B\T. Let H : A -> A be the David 
extension of h given in the last subsection. Let 

H- Z dz 

n z az 

be the Beltrami differential given by H . Let \i denote the Beltrami differential on the 
plane which is the pull back of /ih by the iteration of B. 

Let Y n be the union of all the Yoccoz's cells of level n. Then the outer boundary 
component of Y n is T, and the inner boundary component of Y n is the union of finitely 
many straight segments, and moreover, 

Y No D Y No+1 D-OF„D Y n+1 D • • • . 

From the proof of Lemma 12.11 it follows that 

Lemma 4.14. There exist constants 1 < A < oo such that for any B € Sd, for all 
n > Nq, the dilatation of H in A \ Y n is not greater than X ■ n. 

Define 

X = {z e C \ A | B k (z) £ A for some integer k > 1}. 
For each zel, let k z > 1 be the least positive integer such that B kz {z) G A. Define 

X n = {zeX\B k *(z)£Y n }. 
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Lemma 4.15. There exist Co > 1 and < So < 1 such that for any B £ Sd, area(X n ) < 
Co ■ 5% for alln > N . 



Proposition 4.2. Lemma T4. 151 implies Lemma [2721 

Proof. By Theorem l4.1[ there exist uniform constants C > and < S < 1 such that 

area{Y n ) < C ■ S n 

holds for all n > N . From this and Lemma H . 1 5 1 and by taking C and < S < 1 larger 
we may assume that for all n > No, 

area(X n UY n ) < C ■ S n . 

Let A be the constant in Lemma T4. 141 Let eo = jj^- For any < e < eo, let n > No be 
the least integer such that e > x ^-i) ■ By Lemma l4.14[ if > 1 — e, then z e X n LiY n , 

By the minimal property of n we have e < y- . It follows that 

area({z\\n(z)\ > 1 - e}) < area(X n U Y n ) < C ■ 6 n < C ■ 6^ 

= C . e -( 1 A)-(ln<5- 1 )/ £ 

Lemma [2.21 then follows by taking M = C and a = (1/A) • (InJ -1 ). This completes 
the proof of Proposition 14.21 □ 

Lemma 4.16. There exist C>0,0<e<l,0<S<l and an integer N± > No such 
that for all B £ Sd, 

(29) area(X n+2 ) < C ■ e n + 6 ■ area(X n ), V n > iV x . 

Proposition 4.3. Lemma T4. 161 implies Lemma \A. 151 
Proof. We may assume that 

S > e 2 

since otherwise we may replace 5 by (1 + e 2 )/2 and (|2T)|) still holds. Note that every B 
in Sd behaves like z >— > z d near infinity. By the compactness of Sd, it follows that there 
is an R > 1 such that |-B(z)| > z for all \z\ > R. This implies that X n is contained in 
the disk {\z\ < R} and thus 

area(X n ) < ttR 2 

for all n > 1. Thus it suffices to prove Lemma [4.151 for n > Ni + 2. 
From (|29l) we have 

area{X n+2 ) + - 5 • e"+ 2 < J • (area(X n ) + • ' 



<5 - e 2 " v v " y 5 - e 2 7 

In the case that n = N\ + 2k for some fc > 1, we have 

area(X n ) < 5 k {area{X Nl ) + • e^ 1 ) = (^) _iVl • + t^T • ^K^)" 

o — t z o — e. 

In the case that n = Ni + 2k + 1 for some k > 1, we have 

area(X„) < 5 fc (area(X^ 1+1 ) + • e Nl ) = (V^)^ 1 " 1 ) • (vri? 2 + • e^Xv^)". 

o — e z o — 

This implies Lemma [4. 151 Proposition 14.31 follows. □ 
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The remaining part of this section is devoted to the proof of Lemma 14.161 The basic 
idea comes from the author's previous work [25]. For z£C and r > 0, let B r (z) denote 
the Euclidean disk with radius r and center z. 

Definition 4.3 (if-bounded geometry). Let K > 1 and (U,V) be a pair of sets in C 
such that V C U . We say (U, V) has K -bounded geometry if there exist x € V and r > 
such that 

B r (x) CVC[/C B Kr {x). 

The following lemma is a variant of Vitali's covering lemma. For a proof, see [25] . 

Lemma 4.17 ( cf. Lemma 2.1 of [H]). Let K > 1 and L = 8K + 9. Then for any finite 
family of pairs of measurable sets {(Ui, Vi)}i^\ all of which have K-bounded geometry, 
namely, for each i 6 A, there exist Xi € Vj and r$ > satisfying 

(30) B ri (xi) cVidUiC B Kn ( Xi ), 

there is a subfamily o~q of A such that all B rj (xj),j € uo, are disjoint, and moreover, 
In particular, we have 

m( |J Di) < i 2 • m( (J Vi) 

where m(-) denotes the area with respect to the Euclidean metric. 

Recall A and T denote the unit disk and unit circle respectively. Let diam(-) and 
dist( , ) denote the diameter and distance with respect to the Euclidean metric. Let 
f2 = C\ A = {z E C | \z\ > 1}. Then ft is a hyperbolic Riemann surface. 

Definition 4.4. Let 1 < K < oo and z € X n+ 2- We say z is associated to a i^-admissible 
pair (U, V) if V C U C are two open topological disks such that z £ U and 

1. VcX n \X n+2 , 

2. the pair (U, V) has i^-bounded geometry, 

3. diam(Lf) < K ■ dist(77, T). 

Let 7 C T be an open interval. Let C* = C \ {0} be the punctured plane. Set 

(31) Qi = C*\(T\I). 

Then Qi is a hyperbolic Riemann surface. For d > 0, the hyperbolic neighborhood of / 
is defined by 

(32) Q4I) = {zeni\du I (z,I)<d} 

where d^ J ( , ) denotes the hyperbolic distance in flj. 

When / is an open interval in the real line K, the hyperbolic neighborhood of / in 
the slit plane C \ (K \ L) is bounded by two arc segments of Euclidean circles which are 
symmetric about R, and moreover, the exterior angles formed by the arcs and R are all 
equal and determined by the formula d — log cot (a/4). The next lemma says when I is 
small enough, fid (I) is very much like the hyperbolic neighborhood in the slit plane. 
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Lemma 4.18 (cf. Lemma 2.2 of |25j). Let d > be given. Then when I is small, 
fid (J) is a Jordan domain and is like the hyperbolic neighborhood of the slit plane in the 
following sense. 

1. dfld(I) — lint U "/out where ji n t and "font are two real analytic curve segments 
both of which connect the two end points of I. Moreover, ji nt \ dl C A and 
lout \dIcC\A; 

2- "tint and "f out are symmetric about T, and each of them is like an arc segment of 

some Euclidean circle; 
3. Let a denote the exterior angles formed by ji n t and T, jout and T, all of which 

are the same, then d = log cot(a/4). 

Note that f2<j(-0 is divided by I into two parts: one is in the interior of A and the 
other one is in the exterior of A. We only consider the part which is in the exterior of 
A. Let H a (I) denote this part. That is, 

(33) H a (I) = {ze OzOO I \z\ > 1} 

where a is determined by the formula d = log cot (a/4). 
Let 

U n (B)={P n , 0<i<q n+1 -l; P n+1 , 0<i<q n -l} 
be the collection of intervals defined in (|22|) . Define 

(34) Z n = |J H a (I* n )U |J H a (P n+1 ). 

0<j<q„ + i-l 0<J<9„-1 

It is easy to see that Z n is the outer half of an open neighborhood of T. See Figure 2 for 
an illustration. As a consequence of Theorem 14. II and the fact that diam(ff a (/)) = 0(|/|) 
(cf. Lemma T4.18P , it follows that there exist C > 1 and < e < 1 depending only on d 
such that for all B 6 Sd and n > 1, 

(35) area(Z n ) < C ■ e™ . 

Let us first reduce Lemma r4.16l to 

Lemma 4.19. There exist K > 1 and N% > No such that for all B £ Sd and n > N\, if 
z £ X n+ 2, then either z € Z n , or z is associated to some K -admissible pair (U, V). 

Proposition 4.4. Lemma \4. 191 implies Lemma T4.1GI 

Proof. From the proof of Proposition 14.31 we have an R > 1 such that for all n > 1 we 
have 

X n C {z | \z\ < R}. 

Note that X n+ 2 is a Lebesgue measurable set. So for any r\ > 0, by a standard result in 
Lebesgue measure theory, there is a closed set F C X n+ 2 such that 

(36) area(X n+2 \F) <rj. 

Since Z n is open and F is a bounded and closed set, it follows that F \ Z n is a compact 
set. 

For any point x € F \ Z n , by Lemma l4.19[ x is associated to some if- admissible pair 
(Ui, V{) for some uniform 1 < K < oo. This implies that the sets UiS form an open cover 
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Figure 2. The set Z n 

of F\ Z n . Since F\ Z n is a compact set, we have finitely many pairs (Z7j, Vi), i € A, such 
that 

(37) F \ Z„ C (J E^. 

From ([36]) and (|37| . we have 

(38) area(X n+2 ) < area(Z n ) + area(\^J £/,•) + r). 

i£A 

By Lemma T4. 171 we have 

(39) area 

i£A iGA 

where X(K) = (8K + 9) 2 . Since V t C X n \ X n+2 for all i e A, we have 
area{ V%) < area(X n ) — area(X n+2 ). 

i£A 

This, together with (|39|). implies that 

(40) area(|J < A(-fC) ■ (area(X n ) - area(X n+2 )). 

From J38J and gO} we get 

(1 + A(-ftT)) • area(X Jl+ 2) < area(Z n ) + X ■ area(X n ) + r\. 
From (|35p and the above inequality we have 

(41) area{X n+2 ) < -^)— ■ area{X n ) + — %— ■ e n ' 



1 + X(K) " 1 + X(K) 1 + X(K) 
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Since rj > is arbitrary, by letting 77 — ^ 0, we get 

\(K') C 
area(X n+ 2) < . . • area(X n ^ 



1 + \(K) y n ' 1 + X(K) 
The implies Lemma T4. 161 The proof of Proposition WM is completed. 

□ 

Lemma 4.20. Let 1 < L < 00. Then there is a 1 < K < 00 depending only on L such 
that for any B £ Sd, z 6 X n+2 and m > 1, if B l (z) e C \ A for all 1 < i < m and 
£ = B m {z) is associated to some L- admissible pair (U,V), then z is associated to some 
K-admissible pair. 

Proof. This is a direct consequence of the Koebe's distortion theorem. □ 

Let us now begin the proof of Lemma [4.191 Let B e Sd and z g X n+ 2- Suppose 
z Z n . It suffices to prove that there is a 1 < K < 00 independent of B, n and z such 
that z is associated to some AT- admissible pair (U, V). Recall that k z > 1 is the least 
positive integer such that B kz (z) 6 A. Since z E X n+ 2 we have B kz (z) 6 Y n+ 2- Let us 
denote 

zi = B l (z), 0<l<k z . 

Since zq — z Z n , the set 

Id = {k e Z I < k < k z and B k (z) £ Z n } 
is not empty. It is clear that LT contains at most k z elements and is thus a finite set. Let 

fcn = maxjfcj. 

ken 

Then < k < k z - 1. Set 

C = z ko and u = B(() = z ka+1 . 

Then C ^ Z n , and moreover, 

(42) uj € Z n if kg < k z — 1 and uj G Y n+2 ii k Q = k z — I. 

By Lemma P4.20I it suffices to prove that ( is associated to some L-admissible pair (U, V) 
for some uniform 1 < L < 00 depending only on d. The proof is divided into two cases. 

Note that there are exactly d — 1 Jordan curves in the outside of A, each of which is 
a pre-image of T and is attached to T at a critical point c. Note that when n is large, uj 
is close to T uniformly. There are d — 1 pre-images of uj close to the d — 1 Jordan curves 
respectively, and the last one is close to T. In the case that uj £ Z n , the last one lies in 
the exterior of A, and in the case that uj € Y n+ 2, the last one lies in A. 

Let I be the arc in the dynamical partition of level n such that uj € H a (I) or uj belongs 
to the cell E which is attached to / or the union of / and one of its adjacent intervals 
in the dynamical partition of level n. Let us first group the critical points such that the 
ones which are closed to each other are classified into one group. Since there are at most 
d — 1 critical values of B in T, for any L > 1, we have < rj(L, d) < 1 such that for any 
B, we can find r/(L, d) < e < S < 1 with S/e > L and for each critical value v of B in T, 
we either have dist(w, v) < e ■ \I\ or dist(w, v) > 6 ■ We have two cases. 

Case I. There is a critical value, say v, such that dist(w,w) < e • |/|. By the choice 
of e and S, for each critical value v of B in T, we either have dist(w,w) < e ■ \I\ or 
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dist(w,v) > 6 ■ \I\. By the geometry of the cells (cf. Lemma 6.3 of [17] or Lemma 6.1 of 
[25]). we have a pair of Jordan domains B C A such that the following properties hold. 

1. B C E \ Y n +2 is a Euclidean disk with radius x \I\, 

2. A contains u and all v with dist(w, v) < e ■ |/|, 

3. for all other v, dist(«,A) x diam(A) x |/| and for any point z d A, the angle 
formed by [v, z] and T is less than k ■ it with < k < 1 being some constant 
depending only on Sd- 

For critical point c corresponding to critical value v bounded away from A, the preimage 
of A which intersects the corresponding pre-circle at c is a desired pair by Koebe's 
distortion theorem. In fact, let B' C A' be the preimages of B C A respectively. Then 
A' has bounded hyperbolic diameter. Thus B' C A' has i^-bounded geometry for some 
uniform K > 1. If ( belongs to these A', the lemma has been proved. Otherwise, let 
us prove £ belongs to Z n . To see this, use a simple closed geodesic 7 in C \ V , with V 
being the union of the set of critical values and the two end points of /, turning around 
oj and all those critical values with dist(aj,u) < e • |/|, and such that at least one of 
the end points of / lies in the outside of 7 (This requirement implies that 7 intersects 
I). Because S/e > L, by taking L large, we can make sure there is such a 7 which can 
be arbitrarily short provided that L is large enough. Let J C T be the arc such that 
B{J) — I. Let rj be the pre-image of 7 which intersects J. Then r\ is a simple closed 
geodesic in C \ B^ 1 ^') and can be arbitrarily short provided that L is large enough. 
In particular, compared with |J|, the Euclidean diameter of 77 can be arbitrarily small 
provided that L is large enough. By consider the covering degree of B : r\ — > 7, it follows 
that all the other pre-images of ui are contained in the inside of rj. By the construction of 
Z ni it follows that Z n contains a definite neighborhood of J. Thus Z n contains 7/. This 
implies that all the other 77 is pre-images of uj belongs to Z n . This proves the lemma in 
the first case. 

Case II. dist(cj, v) > S\I\ for all critical values v. 

Subcase I of Case II: / contains no critical values and / 7^ -^+1 • Let J C T be the 
arc such that B(J) — I. Since / does not contain B(l), I 7^ In" +1 ■ So J is one of the 
intervals in the dynamical partition of level n. We can construct a pair of Euclidean disk 
B C A with uj £ A such that B C E \ Y n+2 and 

1. 4\Ac H a (I), 

2. dist(u,A) y diam(A) x diam(B) x |/|, 

3. A has a Jordan neighborhood A which contains no critical values and such that 
A n T is connected arc segment and A \ A has a definite positive modulus. 

There are two subcases. Let U be the component of B~ 1 (A) which intersects J. Since 
i\Ac H a (I), by Schwarz lemma, U \ A C H a (J) C Z n . This implies the pre-image of 
ui contained in U is contained in Z n . Note that there are exactly d— 1 other components 
of B^ 1 (A) each of which intersects a pre-circle at some critical point c € T. Suppose 
C (fi U since otherwise we have proved the lemma. Then £ must belong to one of these 
d — 1 components, say A' . Let B' C A' be the pre-image of B contained in A' . Let us 
explain that (A',B r ) is a desired pair. To see this, note that the inverse branch of B 
can be holomorphically extended to A. Since A \ A has a definite positive modulus, thus 
A' has a protective collar in the exterior of A with a definite positive modulus. Since 
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diam(£>) x diam(A), it follows from Koebe's distortion theorem that B' contains a disk 
whose diameter is uniformly commensurable with that of A' . Since A' has a protective 
collar in the exterior of A which has definite modulus, we have dist(yl', T) >; diam(A'). 

Subcase II of Case II: dist(w,T) < e\I\. Let oj' be the point in T which is nearest 
to oj. Let X be the set consisting of all critical values, the two end points of / and oj, 
oj' . Since dist(w,a/) < e|J|, we have a short simple closed geodesic 7 in C \ X which 
intersects / and enclose oj and oj' in its inside. The pre-image of 7 which intersects J, 
is a short simple closed geodesic in C \ B~ 1 (X). Note that r\ encloses a pre-image of 
oj, say Co. Since r\ is short, it follows that such r\ can be contained in an arbitrarily 
small neighborhood of J provided that e is small enough. Since Z n contains a definite 
neighborhood of J, it follows that Z n contains Co- Let us assume that C 7^ Co, since 
otherwise the lemma has been proved. Let us consider the remaining (d — 1) pre-images 
of oj. Since dist(w,u) > S\I\ and dist(u;,T) < e\I\, we can still construct a Euclidean disk 
B C E \ Y n+2 and a Jordan domain A containing oj and uj' such that B C A and the 
requirements (1), (2), and (3) in the proof of Subcase I of Case II are satisfied. There 
are (d — 1) pre-images of oj which are contained in the {d — 1) components of B~ 1 {A) 
intersecting the (d — 1) precircles at the (d — 1) critical points in T. As in the proof of 
the Subcase I of Case II, we have seen if £ is one of these pre-images of oj, then ( is 
associated to some if-admissible pair. This proves the lemma in the Subcase II of Case 
II. 

Subcase III of Case II: dist(w,T) > e\I\ and / contains at least one critical value or 
I = I q n X[ ■ So either/ or one of its adjacent intervals in the dynamical partition of level 
n contains critical value(s) of B. Then there exists a disk B C E \ Y n+2 and two Jordan 
domains, say Aq and A\, which contain oj and B such that 

1. d\st(Ai,v) x diam(Ai) x |/| for i = 0, 1 and every critical value v e T, 

2. A U Ai separates at least one critical value from 00 (That is, A and A\ turn 
around some nearby critical value(s) in an opposite way), 

3. For i = 0, 1, Ai has a Jordan neighborhood Ai which contains no critical values 
and such that Ai n T is connected arc segment and Ai \ Ai has a definite positive 
modulus. 

Here we would like to emphasize that the condition dist(u;,T) > e\I\ is used to meet the 
requirement (3). This is because if oj is too close to T, then one of Ai D T, i = 1, 2 must 
contain at least two intervals which are separated by some critical value and thus can not 
be a connected arc segment. Now first note that there are d — 1 components of i? _1 (^4o) 
each of which intersects a precircle at a critical point at T and contains a pre-image of 
oj. If Q belong to one of these components, as we have seen in the proof of Subcase I of 
Case II, C is associated to some if -admissible pair (U, V). Since there are d pre-images 
of oj, it suffices to deal with the last pre-image of oj. To do this, let vi, ■ ■ ■ , v m be all 
the critical values which are separated by Aq U A\ from 00. Assume that v\ is the one 
which is closest to A n n T. Let c\ be the critical point such that B(c\) — v\. Let A[ 
be the component of B~ l (A\) which intersects the pre-circle at C\. Then A[ contains a 
pre-image of oj. It is important to note that this pre-image is different from the previous 
(d — 1) prcimagcs: this is because for each of the previous (d — 1) pre-images of oj, the 
associated inverse branch of B maps A n n T to a curve segment on one of the (d — 1) 
pre-circle at sone critical point in T, and for the last pre-image, the inverse branch of B 
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defined on A\ can be extended to Aq nT and maps it to T. Let B[ be the pre-image of B 
which is contained in A[ . Then (A[ ,B[) is the desired pair to which the last pre-image 
of bj is associated. This proved the lemma in the Subcase III of Case II. 
This completes the proof of Lemma [4.191 Lemma [2T2l thus follows. 

4.6. Proof of the Key-Lemma 1. Note that _ff i ^ 1 (0) is uniformly bounded away from 
the unit circle. Let <j> be the David homeomorphism mapping to if -1 (0) and fix 1 and 
oo. Using Petersen-Zakeri's argument as in the proof of Lemma 5.5 of 17J, it follows that 
<j) o B o <\>~ Y is holomorphic and thus belong to 11^^ . By the rigidity result in §6, every 
map in this class can be obtained in this way. By Lemmas 12.21 and 12.31 it follows that <f> 
belongs to a normal family. The existence of A and r] can be proved by a compactness 
argument. For < 5' . 8 < 2, define 

\(S)=sup\P k (l)-P m (l)\ 

where sup is taken over all B £ Sd and all k > m > such that \ e 27Ttka — e 2m7 " Q | < S, 
and 

rj{5') = inf \P k {l)- P m (l)\ 

where inf is taken over all B £ S d and all k > m > such that \ e 2mka - e 2m ™ Q | > 5'. 
It is sufficient to prove r]{8') > and limX(S) — > as 5 —> 0. Suppose f}(6') = for 
some 5' > 0. Then there is a sequence h n — > h, and </> n — >■ <f> and k n ,m n . This implies a 
contradiction. The same argument implies that rj(S') > 0. The proof of Key-Lemma 1 is 
completed. 

5. Proofs of the Key-Lemmas 3 and 4 

Let m, I > 1 be two integers and 

Co = O?, • • • , w° m , w° m+1 , ■■■ , w° n+l ) 

be a point in C m+l . Let £o = (w" n+1 , • • • , ai^,) be the point in C l , Let 

Qi{w u ■ ■ ■ ,w m ,w m+1 , ■ ■ ■ ,w m+ i), 1 < i < to, 

be polynomials of m + I complex variables. 

Suppose that there exist an open neighborhood U of £o in C z and to functions 

Wi = g l (w m+ i, ■ ■ ■ ,w m+ i), 1 < i < m, 

defined in U such that for all (w m +i, ■ ■ ■ ,w m +i) G U, we have 

Qi(gi, - ■ ■ ,9m, Wm+l, ■ ■ ■ , Wm+l) = 0, 

and moreover, there is an open neighborhood V of • • • , w^) in C m such that for any 
points (w' m+1 , • • • , w' m+l ) e U and (w[, ■ ■ ■ , w' m ) € V, if 

Qi(w[, ■ ■ ■ ,w' m ,w' m+1 , ■ ■ ■ ,w' m+l ) = 0, 1 < i < to, 

then 

w 'i = 9i{™'m+l> ' ' ' - W 'm+l): 1 < * < TO. 

We first prove such functions gi are determined by polynomial equations. More pre- 
cisely, 
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Lemma 5.1. There exist m irreducible polynomials Pi, 1 < i < m, of m + 1 variables 
such that 

Pi(gi,w m+1 ,- ■ ■ ,w m +i) = 0, l<i<m. 
Proof. Let us start from the system of polynomial equations 

(43) Qi(w!,- ■ ■ ,w m ,w m+ i, ■ ■ ■ ,w m+ i) = 0, 1 < i < m. 
By the definition of gi, it follows that 

Qi(gir ■ ■ ,g m ,w m +i, ■■ ■ , Wm+l) = o 

for all (w m+ i, • • • , w m+ i) e U . So if some Qi is not irreducible, then Qi has an irreducible 
factor, say S, such that S(gi,--- ,g m ,w m+ i, ■ ■ ■ ,w m +i) = for all (w m +i, • • • , w m +i) € 
U. Then in the system (|43|) . we replace Qi by S. In this way we may assume that all Qi 
are irreducible. 

Let us first write all Qi into polynomials of w\ with coefficients being polynomials of 
W2, ■ ■ ■ , Wm+i- If some Qi has a term with coefficient, say 

h(w 2 ,--- ,w m ,w m+ i,W m+ i), 

satisfying 

h(92, ■ ■ ■ ,g m ,w m+ i, ■ ■ ■ ,w m +i),w m+ i, ■ ■ ■ ,w m +l) = 
for all (u> m +i, • • • , w m +i) G U , then we add the equation 

h(w 2 , ■ ■ ■ ,w m+ i) = 

to the system (|43]) , and at the same time, delete the corresponding term from Qi. Re- 
peating the argument in the beginning of the proof if necessary, we can make sure all the 
polynomials in the new system are still irreducible. Besides this, if one polynomial is the 
constant multiple of the other, we just remove one of them from the system. In this way 
we always make sure the system is not redundant. 

We claim that there is at least one polynomial in the new system which involves w\. 
Since otherwise the polynomial equations in the new system will hold in U by taking 

Wi = gi(w m+ i, ■ • • , w m+ i), 2<i<m, 

and taking w\ to be any function of (w m +i, • • • , w m +i). This then implies the origin 
system (f43|) holds under the same assignment of Wi, 1 < i < m. But this contradicts 
with the uniqueness part in the Implicit Function Theorem. The claim has been proved. 

Now let Qi be a polynomial in the new system which involves w\ and moreover, the 
degree of Qi with respect to w\ is the lowest. Assume there is some other polynomial 
in the system which also involves w\. Otherwise we go to the next step. For any other 
polynomial which involves ui\ , say Qi , we have 

(44) Q 2 = D-Q l + R 

where D and R are polynomials of w\ with coefficients being rational functions of 
W2, ■ ■ ■ ,w m +i, and moreover, the degree of R with respect to w\ is less than that of 
Q\. Since all Qi are irreducible and the system is not redundant, R is not identically 
zero. From the above process, we also know if D = D' /D" and R = R' /R" then 

,5m, Wm+1, ■ ■ ■ ,W m+ l ) and R"(g 2 , ■ ■ ■ , g m , Wm+l, ' ' ' , W m+ l) 
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is not identically zero in U. Now we replace Q 2 by R' . Again repeat the procedure 
we previously used, we may assume that the polynomials in the new system are all 
irreducible and are not redundant. From (|44l) it follows that under the condition that 
R" ^ and D" ^ 0, the two equations R' = and Q 1 = imply Q 2 = 0. Since R" and 
D" are not identically zero in U, if gi, 1 < % < m, are a group of solutions of the new 
system and close enough to gi, 1 < i < m, such that R" and D" do not vanish in some 
open subset of U, then they are also a group of solutions of the original system in the 
open subset of U. 

Note that after the above process, the total degree of W\ is decreased at least by 1. 
So after finitely many steps, we have a system of irreducible polynomial equations such 
that 

1 . there is only one polynomial which involves w\ , 

2. Wi = gi, 1 < i < m, are a group of solutions of the system, 

3. if Wi = gi, 1 < i < to, are a group of solutions of the system defined in some 
open subset in U, which are close enough to gi, then gi = gi for all 1 < i < m. 

We claim, except Q\, there is at least one polynomial in the system which involves 
u>2- Since otherwise, we may let gi = gi for 3 < i < to, and let g 2 be any holo- 
morphic function in U which is close to 172 but not identical with g 2 , then solve g\ by 
Qi(<?i, gi, <?3j • • • , 9mi Wm+i, ■ ■ ■ , w m +i) = and get a solution g\ in some open subset of 
U which can be arbitrarily close to g± provided that g 2 is close enough to g 2 . So 

) and D"(gi, ■■■ , g m , w m , ■ ■ ■ , w m+ i) 

do not vanish in this open subset of U. By the third property above we get g 2 = g 2 . 
This is a contradiction. 

Now consider all the polynomial equations except Qi m the system. Let Q 2 be a 
polynomial in the system which involves w 2 and whose degree with respect to w 2 is the 
lowest. For each other polynomial except Q\ which involves w 2 , we repeat the previous 
procedure. Then again after finitely many times we get a new system such that 

1. except Q\, there is only one polynomial Q 2 which involves w 2 , 

2. Wi = gi, 1 < i < to, are a group of solutions of the system, 

3. if Wi = gi, 1 < i < to, are a group of solutions of the system defined in some 
open subset in U, which are close enough to gi, then gi = gi for all 1 < i < m. 

Repeating this procedure finitely many times, we finally get a system which consists 
of exactly to irreducible polynomial equations, say 

<2i(ioi, • • • ,w m ,w m+ i, ■ ■ ■ ,w m+ i) = 0, 

Q 2 (w 2 , ■ ■ ■ ,w m ,w m+1 , ■ ■ ■ ,w m+ i) = 0, 

Qm(w m ,W m+ i, ■ ■ ■ ,W m +l) = 0. 

Let P m = Q m - Then w m = g m satisfies an irreducible polynomial equation 

P m (g m ,w m +i, ■ ■ ■ ,w m+ i) = 0. 

By relabeling each of w\, ■ ■ ■ ,w m -i as w m and repeating the above process, we get an 
irreducible polynomial P, of m + 1 variables such that 

Pi(gi,w m+ i, ■ ■ ■ ,w m+ i) = 0, 1 < i < m - 1. 
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The proof of Lemma 15.11 is completed. □ 

5.1. Proof of the Key-Lemma 3. Recall that c^-i = 1. Let %i be one of the points in 
the i-th periodic attracting cycle and pi > 1 be the period. Since Xi is a periodic point 
of / with period pi with multiplier ti , we have 

fjp ... c o Axi) - Xi = and D/2 ... „o 1 (x i )-t i =Q. 

Since the cycle containing Xi is attracting, there exist open neighborhoods U of (cj, • • ■ , c°_ 2 ) 
and open neighborhood V of ti) and two holomorphic functions 

a; = 51 (ci, • • • , Cd_ 2 ) and i = 52(21, • • • , c rf _ 2 ) 

defined in U such that for all (ci, • • ■ , Cd-2) € U we have 

/£- , Cd _ 2 ,i (a) - * = and Df? u ... tCd _ aA (x) -t = 0, 

and moreover, for any (C[,--- ,c' d _ 2 ) G U and (x',t') £ V satisfying the above two 
equations, we have 

x' = 9i (ci, • • • , c' d _ 2 ) and t' = g 2 (c[, ■■■ , c' d _ 2 ). 

Now apply Lemma 15. 1[ we have an irreducible polynomial of d — 1 variables, say Qij 
such that the function t = 52 (ci, ■ • • ,0^-2) is determined by the following polynomial 
equation: 

Qi(U, ci, • • • , Cd-2) = 0. 

The map 

$ : (ci, • • • , q, Q+i, • • • , c rf _ 2 ) -> (t x , • • • , t{) 
is holomorphic. On the other hand, we can construct a holomorphic map 

* : (ti, ••• ,tj) (ci, • • • ,Cd-i) 

such that the composition 

The construction can be done as following. Take a point Xi in each cycle. Assume that 
ti 7^ first. Take a small neighborhood of Xi such that f Pi : U — > U is conjugate 
to the linear map z — > and moreover, <9C/ is an analytic curve. Let T = dU and 
r' = f Pi (T). Then T and V bound an annulus. In a small open open disk centered at t%, 
define ft = f on T and ft be a natural holomorphic motion of V as t varies in the disk. 
Such holomorphic motion can be extended to the interior of the annulus. Here natural 
means it maps Xi to f{xi) but with multiplier different, and all the others are the same. 
In this way we construct <j>t depends holomorphically onto t. The map (f>~ 1 o ft 4>t is 
the desired map. 

This means the Jacobi matrix of (*!,••• ,U) to (ci,-- - ,q) are non-degenerate by 
relabeling c\,Cd-i if necessary. This implies that there exist holomorphic functions 54, 
1 < i < I, such that 

Qi(ti,9i, ■ ■ ■ ,9i,ci+i, ■ ■ ■ ,c d _ 2 ) = 0. 

Moreover, these functions has the desired uniqueness property in a small neighborhood. 
Applying Lemma 15. 11 the proof of the Key-Lemma 3 is completed. 
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5.2. Proof of the Key-Lemma 4. Choose one of the attracting periodic cycles. As 
in the end of the proof of the Key-Lemma 3, we can construct a holomorphic family of 
polynomials f t of one parameter which preserves all the orbit relations and the multipliers 
of all other attracting cycles. In this way all Cj, 1 < i < d — 2 are holomorphic functions 
of t when t varies in a small neighborhood of t, . Take one of Cj (t) which is not a constant 
function. Then there exists a small open disk which can be arbitrarily close to tj, the 
function t —> Cj(t) is one-to-one. This implies that in this small disk, t = <fi{ c i) where <p 
is some holomorphic function of Cj. Thus all other Cj are functions of Cj. Thus we have 
P(cj,Ci) = for some polynomial P. This proves the second implicit theorem. 

6. TOPOLOGICAL CHARACTERIZATION OF THE MAPS IN EJ^, 

As we have seen in the previous sections, the maps in the class T,g^ m play a funda- 
mental role in our proof. The purpose of this section is to establish the characterization 
and the rigidity of the maps in this class. As a consequence we will prove the Key- 
Lemma 2. One of the main tools used in this section is a characterization theorem for 
sub-hyperbolic rational maps obtained in [4] and [26] , This result is an extension of 
Thurston's characterization of post-critically finite rational maps. 

6.1. Characterization of sub-hyperbolic rational maps. Let F : C — >• C be a 

finitely branched covering map which preserves the orientation. Let 

n F = {zeC \ deg 2 (/)>2} 

and 

Pf=\J F k (n F ) 

k>l 

be the critical set and the post-critical set of F. We say F is geometrically finite if Pf is 
an infinite set but the accumulation set of Pp is a finite set. It is easy to check that each 
accumulation point of Pp is a period point of F . Let F be a geometrically finite branched 
covering map. We say F is semi-rational if for each periodic cycle O C Pf, there is an 
open neighborhood U of O such that F\U is holomorphic, and moreover, \DF p (x)\ < 1 
for each x € O where p > 1 is the period of O. 

Let F be a geometrically finite and semi-rational branched covering map. Let 7 C 
C \ Pp be a simple closed curve. We say 7 is non-peripheral if each component of C \ 7 
contains at least two points in Pp. A multi-curve T is a finite family of non-peripheral 
curves which are disjoint and non-homotopic to each other. We say T is stable if for each 
7i € r, each non-peripheral component of F _1 (7) is homotopic to some jj in F. 

Suppose r = {71, • • • ,7n} is a stable multi-curve. For 1 < i,j < n, let Ji,j, a denote 
all the non-peripheral components of / _1 (7i) which are homotopic to 7,. Let dij t(X be 
the covering degree of 

F : 7,,j> -> 7«. 

Let 

v , 1 
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The matrix A — (a,i t j) is called Thurston linear transformation matrix. It is non- negative 
and thus has a maximal positive eigenvalue A > 0. If A > 1 we call T a Thurston 
obstruction. 

Definition 6.1. Two semi-branched and geometrically finite branched covering maps F 
and G are called CLH- equivalent (combinatorially and locally holomorphically equivalent) 
if there exist a pair of homeomorphisms of the sphere 0, ip : C — > C such that 

1. 0oF = Go<0, 

2. For each holomorphic attracting cycle O, there is an open neighborhood U of O, 
say U , such that <p\U = ip\U are holomorphic, 

3. <fi is isotopic to <j) rel Pp U Uj£/j. 

The following theorem is an extension of Thurston's characterization for post-critically 
finite rational maps to sub-hyperbolic rational maps. 

Theorem 6.1 ([4] & |26j). Let F be a geometrically finite and semi-rational branched 
covering map. Then F is CLH- equivalent to a sub-hyperbolic rational map G if and only 
if F has no Thurston obstructions. 

Two different proofs of Theorem 16.11 are provided in [4] and [26] . In the following 
we will borrow the idea in the proof in [26]. Let us first recall the idea of the proof 
in [26]. Let Tp denote the Teichmuller space modeled on (C, Pp U Uif7j). The branch 
covering F induces an analytic map of '■ Tf — ► Tp. The existence of G is equivalent 
to the existence of a fixed point of Tp. The proof in [2S] is divided into two steps. In 
the first step it proves that the non-existence of Thurston obstructions implies certain 
bounded geometry condition, which will be described later. The second step is to prove 
the bounded geometry implies the existence of a fixed point. 

Now let us describe the bounded geometry condition. Let /j,o be the standard complex 
structure. Let /i n be the complex structure which is the pull back of /iq by F n . Let 4> n 
be the quasiconformal homeomorphism which solves the Beltrami equation given by \i n 
and fixes 0, 1 and oo. Consider the hyperbolic Riemann surface 

I n = C\^(? f UU,(7i). 

For any non-peripheral curve 7 C C \ (Pp U UjUj), there is a unique simple closed 
geodesic 77 in X n which is homotopic to <f> n (p(). Let \p n ] denote the Teichmuller class of 
fj, n in Tp and Z[ At „](7) the length of rj with respect to the hyperbolic metric in X n . We 
say 7 is a [/x n ]-geodesic if 4> n {l) is a geodesic in X n . 

Definition 6.2. We say F has bounded geometry if there exists a 8 > such that for 
every non-peripheral curve 7 C C \ (Pp U Uj[/i) and all n > 0, one has ?r jU „](7) > 6. 

In [3] , Chen and Jiang proved that if F does not satisfy the above bounded geometry 
condition, then there exists at least one non-peripheral curve 7 such that ^[/x„] (t) — * 0- 
Furthermore, they showed that the multi-curve T which represents the homotopy classes 
of all such curves is a Thurston obstruction. Such Thurston obstruction is called the 
canonical Thurston obstruction. 
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6.2. Proof of Theorem 12.11 Let / e S"op- Suppose / has no Thurston obstructions 
in the exterior of A. Define 

f/(,)forN>l 
y > \ [/(**)]* far |*|<1. 

Note that F\T is the rigid rotation z H> e 2via z and F : C — > C is a branched covering 
map of degree 2d — 1 and is symmetric with respect to T. Let a n = p n /q n be a sequence 
of rational numbers such that a n — ¥ a as n — > oo. By assumption, 1 G Of. It follows 
that 1 G ftp. Let 

H = {z\ (l + e)" 1 < \z\ < 1 + 

be such that 

(H -T)n(fl F UP F ) = 0. 

For i»eC, let w* denote the symmetric image of w about T. We can perturb F in H to 
get a sequence of branched covering maps F n of the sphere to itself such that 

1. 1 G n Fn and F n {z*) = [F n (z)]*, 

2. F n (z) = F(z) for all z £ H, 

3. F n (z) = e 2 " Q -z for all zel 

4. — T) n (f2p U P F ) = 0, 

5. all the critical points of F n in T belong to the forward orbit of 1, which is denoted 
as n , 

6. F n — > F uniformly with respect to the spherical metric. 

Remark 6.1. Since topological branched coverings are quite robust, one shall easily 
make such perturbations of F. Since F n —¥ F uniformly with respect to the spherical 
metric by (6), the following property holds. For all n large enough, the degree of F n and 
the numbers of the critical points of F n in T, and not in T, are respectively the same as 
those of F. Moreover, for each critical point c of F, there is exactly one critical point of 
F n , say c„, such that c„ — > c as n — > oo, and the local degree of F n at c„ is the same as 
that of F at c. 

Lemma 6.1. F n has no Thurston obstructions for all n large enough. 

Proof. Our proof is by contradiction. Suppose F n has a Thurston obstruction for some n 
large. By [3], F n would have a canonical Thurston obstruction T. Since F n is symmetric 
about T, we can make T symmetric also, that is, 7 G T if and only if 7* G T. We claim 
that all curves in T intersect T. Let us prove the claim now. Let F C T be the subset 
consisting of all curves which do not intersect T and assume r' 7^ . Since F n maps T to 
T, any non-peripheral component of F 1 ^ 1 ^) must be disjoint with T and is homotopic to 
some element 77 G T. Note that any curve in T\ T' is symmetric about T and can not be 
homotopic to a non-peripheral curve which does not intersect T. So rj G V. This implies 
that T' is stable. Since ^(7) — > for all 7 G T', T' is also a Thurston obstruction. We 
further divide V into two groups of curves T% and T2, where F\ consists of all curves in 
the exterior and T2 the interior. Let us now show that both Ti and T2 are stable. By 
symmetry it suffices to prove that T2 is stable. Suppose T2 is not stable. Then T2 would 
contains a curve T such that one of the non-peripheral components of F J ~ 1 (7), say r], is 
homotopic to some £ in Ti. Thus -q encloses at least two points of Pp n in the exterior 
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of A. By the construction of F n and F, these points must also belong to Pf and thus 
Pf. Note that in the exterior of A, F n behaviors like / and maps the inside of r\ to 
the inside of 7. In particular, F n maps these points to the interior of A. But This is a 
contradiction since the action of F n on these points the same as / and thus maps these 
points to some points in the exterior of A. This contradiction implies that T2 is stable. 
Thus Ti is stable also. Since r" = I\ U T2 is a Thurston obstruction, by symmetry and 
the fact that both Ti and T2 are stable, it follows that both Ti and T2 are Thurston 
obstructions of F n . Since F n behaves like / in the exterior of A, it follows that Ti is a 
Thurston obstruction of /. This is a contradiction. This means that r" = and all the 
curves in T intersect T. 

Now let no be the standard complex structure. Let /ik be the pull back of /io by F„. 
Let 4>k be the qc homeomorphism of the sphere which fixes 0, 1 and 00 and solves the 
Bletrami equation given by fik- Then 

G\ = <f>k-i o F n o fc>l 

are rational maps and thus Blaschke products by symmetry. 

First we note that the sequence {G^ = (j)^ 1 o F n . m o (f>k-i) is a sequence of Blaschke 
products of 2c? — 1 whose restrictions to T are circle homeomorphisms. By a lemma of 
Herman (cf. §15 of [9]), there is a uniform n{d) > depending only on d such that {G^} 
is a normal family of holomorphic functions in a Ko-neighborhood of T. This implies 

Fact 1. The sequence {G%} is equicontinuous in a Ko-neighborhood of T. 

We claim that every 7 in V encloses at least a pair of points in Pp n \ O n , which is 
symmetric about T. If not, by symmetry, 7 enclose no point in Pp n \ O n . Since 7 is 
non-peripheral, it would enclose two points in O n . Since l\u h ]{'y) — > as k 00, to get 
a contradiction, it suffices to show that there is a do > depending only on n such that 
for any two distinct points x,y G O n , 

(45) d(Mx),Mv)) >d , Vfc> 1, 

where d(x,y) denotes the Euclidean length of the smaller arc connecting x and y. We 
prove ((45|) by contradiction. First note that ([<£*;], < ^t([^i], [0o]) f° r all fe > 1 

(The inequality comes from the fact that the Thurston pull back does not increase the 
Teicmuller distance, see [5]). This, together with Proposition 7.2 of [5], implies that 

(46) e- 2 -^_ l] (7)<Z [Mfc] (7)<e 2 -Z K _ l] (7). 

Because all <pk fix 0, 1 and 00, the above inequality implies the following fact. 

Fact 2. There is an e > such that for any two integers 1 < k' < &2 < k' + q n , and 
any two points a and b in O n , if d{4>k> (a), 4>k' (&)) < e, then d(<fik»(a),4>k"(b)) < 2ir/q n . 

Now assume x and y are two adjacent points in O n and d(4>N(x),4>N{y)) is small. 
Since O n is a periodic orbit of F n of period q n , there is some 1 < / < q n such that 
d(cf)N(F n (x)),(j)N(F n (y))) > 2-K/q n . But on the other hand, since {G n } is a normal 
family of holomorphic functions in the /-c(d)-neighborhood of T, they are equicontinuous 
in T. We thus have a do > depending only on n such that 

d^-tiFlixl^N-iiFliy)) 



= d(G N -i ° Gn-i+i o • ■ • G N -!((j) N (x)), G N -i o Gn-i+i ° ■ • • Gjv-i(</>jv(j/))) < e 
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provided that d(4>N{x),4>N{y)) < do. For such do > 0, if d{4>N{x),4>N{y)) < do, 
we would have d((j)N-i{F n {x),(j)N-i{F n (y)) < e. By the Fact 2 above we then have 
d(4>N{F n (x)),4>N{F n (y))) < 2n/q n . This is a contradiction. This proves the claim. 

From the claim we just proved, it follows that 7 encloses (at least) a pair of points in 
Pp n \ O n , which are symmetric about T. Let us denote this pair of points as z and z*. 
Since l[n k ]h) -t 0, it follows that d(cj) k (z),T) = d(cf) k (z*),T) as k ->• 00. Note that 
the forward orbits of z and z* eventually land on two holomorphic attracting periodic 
cycles of F n . Suppose w — F n (z) and w* — F n (z*) belongs to a holomorphic attracting 
cycle of F n . By Fact 1, it follows that d((f> k (w),T) = d(^ k (w*),T) ->• as k -> 00. This 
implies there is a rj G T which encloses w and w* . Assume that the period of w is p. Let 
Ij,j = l,---,q n , denote the components of T \ O n . Take iV large. Let F is the one such 
that 

d(4> N (Ii),<p N (w)) = min {d{<p N {Ii),^ N (w))}. 

l<l<q n 

Let rj be a [/ujjv-geodesic in the homotopic class of rj. Then rj' intersects either I t or 
one of the adjacent components of 2^. Let L — i^(7j). From Fact 1 it follows that 
<l>N-p(Ij) is close to w = FP{w) also. This implies there exists a [^]Ar_ p -geodesic £' 
which is homotopic to some element in T, say £, which intersects Ij or one of the adjacent 
intervals of Ij and encloses w and w* in its inside. Let S and R denote the two arcs 
connecting Ii and Ij. Since a is irrational, when n is large enough, both R and S contains 
at least two components of T\ O n - This implies that any curve in the homotopic class of 
rj' must intersect a curve in the homotopy class of £. In particular, rj intersects £. This 
is a contradiction. The proof of Lemma 16. H is completed. □ 



By Lemma 16.11 and Theorem 16. li it follows that F n is CLH-equivalent a rational map 
G n . By symmetry, G n can be taken to be a Blaschke product. 

Lemma 6.2. The sequence {G n } is pre- compact. 

Proof. Note that all the finite poles of G n belong to the interior of A and except the 
origin, all the zeros of G n belong to the exterior of A. By a lemma of Herman (cf. §15 of 
9J), these zeros and poles are uniformly bounded away from T. So to prove the lemma, 
it suffices to show that all the zeros of G n are uniformly bounded. Note that 

d-l 
d TT z ~Pi 



(47) Gn{z) = x n z d T[^^ 

where |A n | = 1 and \pi\ > 1, 1 < i < d — 1. Let 



i—1 

Then near infinity G n (z) — ez d + o(z d ). Take 7/ such that 7? rf_1 = e. Consider the map 

Then G n (Q = <^ d + o(( d ) near infinity. Let 3> be a holomorphic map in a neighborhood 
of 00 such that $>(z) = z(l + o(l)) near infinity which conjugates G n to z i-> ( d . Since 
all critical orbits of G n , and thus of G n , are bounded, it follows that $ can be extended 



52 



GAOFEI ZHANG 



to a Riemann isomorphism between the exterior of the unit disk to the immediate basin 
of oo for G n . By Koebe's 1/4-theorem, the immediate attracting basin of G n at infinity 
contains the exterior of {z \ \z\ < 4}. Go back to G„, we get 



This implies 



|Pi|<T-r. l<t<d-l. 

\v\ 



min \pi\ < max \pA < 4 min \p.i 

KKd-l KKd-l 



From the above inequality, it follows that \pi | are all large provided that one of them is 
large. From (|47|) . it then follows that G n is holomorphic in 1/2 < \z\ < 2, and moreover, 
G n can be arbitrarily close to X n z in H provided that these \pi\ are large enough. But 
this would imply G n has no critical point in T. This is a contradiction. The proof of 
Lemma 16.21 is completed. 

□ 

Remark 6.2. From the proof of Lemma [6.21 there is a constant R(d) > 1 such that 
\pi\ < R(d) for all G n . From this it follows that the immediate attracting basin at infinity 
for G n contains the exterior of {z \z\ < 4R(d)}. 

By taking a subsequence, we may assume that G n converges to G uniformly with re- 
spect to the spherical metric. Then G\T is a critical circle homeomorphism with rotation 
number a. So there is a qs circle homeomorphism h which conjugates G\T to R a . Let 
<fi n and i\) n be the pair of homeomorphisms of the sphere such that 

<fin ° F n — G n ° tfin 

and (fin is isotopic to <fi n rel Pf„j moreover, <fi n \Di — ifi n \Di are holomorphic. 

Proposition 6.1. There exist a pair of homeomorphisms of the sphere <fi and ifi which 
fix 0, 1 and oo such that 

1. Fo(fi = Goifi : 

2. <fi is isotopic to ifi rel T U P U U, D u 

3. <fi — ifi is holomorphic on each Di. 



The proof of Proposition 16. II is divided into several lemmas. 
Lemma 6.3. </>„|T — > h and ip n \T — > h uniformly. 

Proof. All the maps in the proof are considered only on T. So to simplify the notations, 
we just write (j) n \T and ip n \T as <fi n and ifi n respectively. It suffices to prove <fi n and ifi n 
converge uniformly. Let <fi and ifi be the limit maps respectively. Since the convergence 
is uniform, it follows that both <fi and ifi are circle homeomorphisms. For any k > we 
have n (i^(l)) = tp n (F^(l)) = G k n {l). Since F n -> F and G n G uniformly on T, let 
n ->• oo we get fi(F k {l)) = ^(^ fe (l)) = G k {l) for all k > 1. This implies that and 
■0 coincide on {F k (l)}^ , which is a dense subset of T. It follows that <j> = ip. Since 
<fi(l) = ip(l) = h(l) = 1, it follows that <p = tfi — h. In the following let us only prove 
that (fin converges uniformly. The same method will work for %fi n . 

By construction, the point 1 is a critical point for F, G, F n and G„. For any N > 1, 
since F n — > F and G„ — > G uniformly, by taking n large enough, we can make sure the 
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orbit segments 

O n (G) = {1, G\l), ■■■ , G N (1)} and N (G n ) = {1, ■ ■ ■ , G£(l)} 

have the same order, and 

O n {F) = {1, 7^(1), • • • , 7^(1)} and N (F n ) = {1, 7^(1), ■ • • , (1)} 

have the same order. Since </>„ and f/'n are circle homeomorphisms and map On(F u ) to 
On(Gti) with the order being preserved, thus Cat(F„) and ON(G n ) have the same order. 
All of these implies that for any fixed N, by taking n large enough, all the four orbit 
segments, On{F), Ojv(-F n )j On(G) and Ojsr(G n ), have the same order. 

Let e > be an arbitrary small number. Since G\T and F\T are circle homeomorphisms 
with irrational rotation number, by taking N large enough we can make sure the length 
of each component of T \ On(F) and T \ On(G) is less than e/4. Since F n —> F and 
G n — > G uniformly, there exists an M' > 1 such that for all n > M', the length of 
each component of T \ ON(F n ) and T \ Cat(G„) is less than e/3. For a component 7 of 
T\Ojsi(F n ), we use P and 7 r to denote the components of T\Ojv(F„), which are adjacent 
to 7 from the left and right respectively. Similarly, for a component J of T \ ON(G n ), 
we use J 1 and J r to denote the components of T \ Ojs[(G n ), which are adjacent to J 
from the left and right respectively. For iV given, since F n — > F and G n — > G uniformly 
on T, there exists an M > M' such that for all m,n > M, the following holds: For 
any component 7 of T \ On{F u ) and any component J of T \ Ojf{G n ), let 7 and J 
be the corresponding component of T \ Oif{F m ) and T \ ON(G m ) respectively, then 

7 C P U 7 U I r and J C J 1 U J U J r . 

Now let z € T be an arbitrary point and 7 be a component of T \ ON(F n ) such that 
z E I. We then have z g 7' U 7 U 7''. For the above M, let n, m > M be any two integers. 
Let J = cf) n (I). Then J = <f> m {I). It follows that 

0n(z) e Jc J l UJUJ r . 

and 

m (^) g 4> m (i l uiui r ) = J 1 U JU J r . 

Then |</) n (z) — <Am(z)| < |7 Z | + \ J\ + \ J r \ < e. This proves that <p n converges uniformly. 
Lemma [531 then follows. □ 

Let 

P = Pf„ \ (T U UiA) = -Pp \ (T U UiA). 

Then P is a finite set. 

Lemma 6.4. There exist a K > 1 sucft i/iai /or a/Z n > 1. 

1. ^(PUUiDi) c {z\l/K <\z\ < K], 

2. for every holomorphic disk Di, diam(0„(A)) > 1/K. 

3. for every two distinct points z and w in P, dist(^» n (z), <f> n (w)) > 1/K, 

4. for every point z € P and every holomorphic disk Di, dist((/)„(z), tf> n (Di)) > 1/K, 

5. for every holomorphic disk Di, dist(0 n (£)j)> T) > 1/7C, 

6. /or every two distinct holomorphic disks Di and Dj, dist((j) n (Di),(f) n (Dj)) > 
1/K. 

7. for every point z £ P, dist(0„(z), T) > 1/K, 
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Proof. By Remark IQl it follows that there is a K > 1 such that n (PUUjA) C {2 1 |z| < 
if}. By symmetry we further have ^(FU UjA) C {z | < |z| < if}. This is the 
property (1). 

Now let us prove (2). Let us choose a Di. For all n large, let <p n and ip n be the 
homeomorphisms of the sphere in Definition 16.11 such that <f> n o F n = G n o ip n . Then 
<p n (Di) is contained in the immediate attracting basin of some attracting cycle of G n . 
Let f2„ denote this basin. Note that all G n are combinatorially equivalent when restricted 
to this immediate attracting basin. Since such equivalence is locally holomorphic, it is 
actually a holomorphic conjugation. This implies that <f> n (Di) can not be small. This 
proves (2). 

To show (3), it suffices to show the case that both z and w belong to holomorphic 
attracting disks. Because otherwise we can consider the forward images of z and w by 
for some k large enough. But then it is obvious. 

The property (4), (5), (6) follow from the fact that Di has a collar neighborhood on 
which <j) n is holomorphic. 

To prove (7) note that G n preserve T and the sequence {G n } is equicontinuous. But 
on the other hand, G^(z) belongs to some 4> n (Di) for some k > which is bounded away 
from T. This implies (7). 

The proof of Lemma 16.41 is completed. □ 

By (1) and (2) of Lemma l6.4[ the sequence {4> n \Di = ip n \Di} is precompact. By 
taking a subsequence if necessary we may assume that (f> n \Di converge uniformly to 
some univalent map on Di. Let us denote the limit of 4> n {Ui) by Ui. Let 

Q = P G \{T\U l U l ). 

From Lemma 16.41 it follows that 

Lemma 6.5. When restricted to PUUiDi, cf> n — ip n converge uniformly to some infective 
map which maps P to Q and maps each Di to Ui. 

Let us now define a map a onTU PUUiDi. On T, define a = h. On PU U,Dj, define 
a to be the limit map in Lemma 16.51 Note that a maps critical values of F to the critical 
values of G. 

Let us now begin the proof of Proposition 16.11 

Choose n large enough such that F n is close to F and G n is close to G. Let 77 : C — > C 
be a homeomorphism of the sphere which is nearby the identity map such that 

1. r\ is the identity map in the exterior of a small annular neighborhood of the unit 
circle, 

2. r\ is symmetric about the unit circle, and in particular, it preserve the unit circle, 

3. rj maps each critical value of F to the corresponding critical value of F n . 

Note that Pp \ T = Pp n \ T, so to get 77, one need only perturb the identity map 
symmetrically in a small neighborhood of the unit circle so that it maps each critical 
value of F in T to the corresponding one of F n . It is clear that r\ can be lifted to 
a homeomorphism 77 such that the following diagram commutes. Moreover, 77 can be 
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arbitrarily close to the identity map provided that rj is close to the identity map enough. 

c — ^— > c 

4 I* 

C — 2—,. c 

Similarly, let £ : C — > C be a homeomorphism of the sphere which is nearby the 
identity map and is symmetric about the unit circle, and moreover, 

^(to^o (j,- 1 on T U <t> n {P U UiA). 

It is clear that £ maps each critical value of G n to the corresponding critical value of G. 
Then £ can be lifted to a homeomorphism £ such that the following diagram commutes. 
As before, £ can be arbitrarily close to the identity map provided that £ is close to the 
identity map enough. 

g _£ , Jri 



By Lemma l6.3l we may assume that </> n |T is close to /i by taking n large enough. Now 
define 

4> = £ ° 0n ° V and ip = t; o ip n o fj. 
By the construction it follows that (4 = (/i = (ronTUPU UD,. That is, 

«/>|T = ip\T = h, 

and <p maps each point in P to the corresponding point in Q, and maps each Di to Ui. 

From the above construction it follows that all the maps rj, 77, £, and £ can be arbitrarily 
close to the identity map provided that n is large enough. Thus <p n and ip n can be 
arbitrarily close to cp and ip provided that n is large enough. Since both {T, P, all the Di} 
and {T, Q, all the Ui} contain finitely many objects and <f> = tp maps each object in the 
first group homeomorphically to the corresponding one in the second group, the isotopy 
class of <fi and tp rel TU PUUiDi are determined respectively by 4> n and ipn provided that 
n is large enough. Since <p n is isotopic to ip n rel T U P U U-Dj for all n, we can make sure 
(p and ip constructed in this way are isotopic to each other rel T U P U UjZTi by taking a 
large n in the beginning of the construction. This completes the proof of Proposition [lO] 

Now we can prove the existence part of Theorem 12.11 by performing qc surgery on G. 
The process is routine. Let H : A — > A be a qc extension of h which fixes the origin. 
Define 



(48) G(z) 



G{z) for \z\ > 1 

H- 1 o R e o H(z) for \z\ < 1 



Let fio be the pull back of the standard complex structure by H. Then pull back [io to 
the whole plane by the iteration of G and get a G-invariant complex structure /i. Let (p 
be the qc homeomorphism of the plane to itself which solves the Beltrmai equation given 
by /1 and fixes and 1. It is clear that g = (p o G o cp^ 1 is a. Siegel polynomial map in 
^gcom- Note that in the immediate basin of each attracting cycle of G which lies in the 
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exterior of A, \x — and thus <f> is holomorphic. This, together with the fact that F = f 
in the exterior of A, and that G is CLH-equivalent in the sense of Lemma 16.11 implies 
that g is CLH-equivalent to /. This proves the existence part of Theorem 12. II 

Now it remains to prove the uniqueness part. Suppose / £ S"j p is CLH-equivalent to 
two maps a and £ in Sgoo, n . We will show that a is linearly conjugate to £. To see this, 
let G, G and g be maps obtained in the proof of the existence part. Let Kq be the set 
of all points whose forward orbits under the iteration of G is bounded. Let Jq = 9Kq. 
We call Jq the Julia set of G. 

Lemma 6.6. The set Jq has zero Lebesgue measure. 

Before we prove the lemma, let us show how it implies the uniqueness part of The- 
orem 12.11 Indeed, if Lemma 16.61 holds, then J g has zero Lebesgue measure. Since / 
is CLH-equivalent to g and a, and since the boundary of the Siegel disks of both g 
and a are quasi-circles, g and a are qc-equivalent to each other, and moreover, the qc- 
equivalence can be made to be a holomorphic conjugation when restricted to the Siegel 
disk and an open neighborhood of all the attracting cycles. That is, we have a pair of qc 
homeomorphisms <p± and <p2 such that 

i- 4>i ° 9 = ao 4>2, 

2. <j>i is isotopic to 2 rel P g , 

3. <f>x — cf>2 is holomorphic in the union of the interior of the Siegel disk and an open 
neighborhood of all attracting periodic cycles of g. 

By induction we get a sequence of qc homeomorphisms <pk+i by lifting 4>k through 

cj) k o g — a o tf>k+i. 

Note that the qc constants of <f>k is bounded that of <pi . Let /j,k be the Beltrami coefficient 
of 4>k ■ Since all the points in the Fatou set is either contracted to some attracting cycle of 
g, or is eventually mapped to the Siegel disk of g, so \Xk — > on the Fatou set of g. Since 
J g is the qc image of Jg, by Lemma \6. 61 J„ has zero Lebesgure measure. So [ik — > a.e. 
This implies that <pk converges to some linear map. In particular, g is linearly conjugate 
to a. Using the same way we can show that g is linearly conjugate to £. This implies 
that a is linearly conjugate to £. This proves the uniqueness part of Theorem 12. II 

Now it remains to prove Lemma 16.61 The proof is by contradiction. Suppose Jq has 
positive Lebesgue measure. Let zo be a Lebesgue point of Jq. For n > 1 let z n = G n (zo). 
By a standard pull back argument (see Proposition of [12]), z n accumulates to T. The 
contradiction is derived by using an idea of McMullen [13]. The idea can be sketched 
as follows. We first show that there is a subsequence rij for which z n . pass through the 
cones spanned at the critical points in T. Then we can take a small disk Bj in the cone 
such that 

1. G{B ) C A, 

2. dist(B 3 ,T) x dist(B J ,z„ j ) x dist(z nj ,T). 

From (2) we can take a Jordan domain Aj which is disjoint with Pq and contains both 
Bj and z nj such that 

diam(Aj) x dist(A 3 ,T). 
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Let X be the unbounded component of C \ Pg- The above relation implies that 

diamx {Aj ) < K 

for some uniform constant K > 0. Now we pull back Aj along the orbit Zq,--- ,z nj , 
and denote the component of G~ k {Aj) which contains z nj —k by A" J . Let X k be the 
unbounded component of G~ k (X). Then G k : X k — > X is a holomorphic covering map 
and X k C X. Note that A n ] 3 ~ k C X k . It follows that 

diamxCA" 3 '"' 5 ) < diam Xfc (A"^' £ ) = diam x (^) < K. 

For 1 < i < Since A™ 4 contains and z ni is contained in some cone spanned at 
some critical point, it follows that A"* is contained in a definite cone spanned at this 
critical point. Thus the inverse branch of G _1 which maps A™ i+1 to A"* contracts the 
hyperbolic diameter by a definite factor < 5 < 1, that is, 

diam x (A;- < (5 • diam x (A" l+1 ). 

This implies that diamjf (A°) — > as j — > oo. In addition, since dist(Aj, Pq) x diam(Aj), 
the distortion of G~™ J is uniformly bounded. Let i? denote the component of G~ nj (B) 
which is contained in A®. We have 

area(Bo) y diam(Aj) 2 . 

Since B and thus B$ is disjoint from Jg, we get a contradiction with the assumption 
that z is a Lebesgue point of Jg. 

Now we need to show the existence of such sequence rij. We use a similar argument 
with the one used in [53]. For each open arc JcT, consider the space 

n/ = c\(p G \/). 

Let df2j(-, •) denote the hyperbolic distance in 17/ and 

H d {I) = {zen\d ni (z,I)<d}. 

As in Lemma r4.18i when / is small, Hd(I) is like the hyperbolic neighborhood in the slit 
plane, that is, it is almost like the domain bounded two arcs of Euclidean circles which 
are symmetric about each other and such that the four exterior angles formed by the two 
arcs and T are all equal to a with d = In cot (a/4). 

Fix a d > 0. Let h : T — >• T be the circle homeomorphism such that G\T = h^ 1 oR a oh. 
For each z n , let I n C / be the arc such that z n € Hd(I n ) and moreover, /„ is the smallest 
one in the following sense 

\h(I n )\= mm \h(I)\ 

where the min is taken over all arc / C such that z n G H e i(I). Since z n — ¥ T, we have 
\J n \ —> and thus 

\h{I n )\ 

as n — > oo. So there is an increasing subsequence of integers, say rrij, such that 

\h(rrij)\ < \h(I n )\ for all 1 < n < rrij. 

Let rij = rrij — 1. We claim {rij} is the desired subsequence. Let us prove the claim. 
These are two cases. In the first case, I mj contains no critical value. In the second 
case, I m , contains a critical value. In the first case, let J C T be the arc such that 
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G(J) — J m . . Let U be the component of G~ 1 (Hd(I mj )) which is attached to J. By 
Schwarz lemma it follows that U C Hd(J). By the minimal property of I mj , it follows 
that z m _i = z n , ^ Hd(J). This implies that z m . is near a critical value in T, and Hd{J) 
is near some critical point c. By taking d > small {/ C Hd(J) is contained in some 
angle domain bounded by a ray from c and T with small angle. This implies that z nj is 
contained in a definite cone spanned at c. In the second case, I ni contains a critical point. 
If the angle between [c, z n A is small, we would have a J such that 2 n . C Hd{J) with 
|J| <C |[c,z n ] ^ |/ n .| and thus h(J) < h(I n ). This is a contradiction with the minimal 
property of I nj . This proves Lemma 16.61 The proof of Theorem 12.11 is completed. 

6.3. Proof of the Key-Lemma 2. Let g £ E^ m . Let / £ E t Q D p such that / is CLH- 
equivalent to g. Then / has no Thurston obstructions by a Theorem of McMullen. By 
perturbing / in a small neighborhood of the unit disk, we get a sequence f n £ Stop such 
that all the critical points in T lies in a periodic orbit, and moreover, /„ has no Thurston 
obstructions. By Theorem 12. 1[ we get a sequence g n £ Egcom which is CLH-equivalent 
to /„ for all n > 1. 

Recall in the construction of g n , we first do a symmetrization of f n and get a branched 
covering map of the sphere, say F n . Then we get a Blaschke product G n which is CLH- 
equivalent to F n . That is, there is a pair of homeomorphisms <p n and i/j n such that 
4>n ° F n = G n o ip n . Lemma 16.41 applies to {G„}. Thus {G n } is pre-compact. By taking 
a subsequence of G n we may assume that G n — > G. Let F be the symmetrization of 
/. As in the proof of Proposition 16. 1[ it follows that F is CLH-equivalent to G. Thus 
(f)^ 1 o G o (f) = g. 

By taking a subsequence we may assume that <p n — > <f>. This proves the Key-Lemma 

2. 

7. Appendix 

Lemma 7.1. Let f be a degree-d polynomial map with a Siegel disk centered at the origin. 
Then there exist M > 1 depending only on d such that if f has two critical points c and 
d with |c|/|c'| > M, then there exist a pair of domains U <e V containing the Siegel disk 
of f centered at the origin such that the tuple (U, V, f ) is a polynomial-like map which 
is qc conjugate to a polynomial map g of degree less than d. In particular, there exists a 
L > 1 which depends only on d such that 

diam(_D) < L ■ min |c| 

where D is the Siegel disk of f centered at the origin and Qf is the set of all critical 
points of f . 

Proof. Let c\, ■ ■ ■ , Cd-i be the critical points of /. Through a linear conjugation, we may 
assume that 1 = | c^— 1 1 < |c^_ 2 1 < • • • < |ci|. 

Claim. For each Mi > 1, there exists an M;+i > Mi such that if 

(49) 1 = |cd_i| < |c d _ 2 | < ••• < |cd_i| < Mi < M i+1 < |c rf _;_i| < ■•• < |d|, 

then there exist domains U d V containing the origin such that (/, U, V) is a polynomial 
map which is qc conjugate to some polynomial of degree 1 + 1. Let us prove the Claim 
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first. Recall that 

d 

/0) = fcx,...,c d -A Z ) = ^2 a i zl 
i=l 

with 

2nia Qd-i(ci,--- ,C d _i) 

a, = e ■ : ■ 

V 1 J Ci---C d -1 

where Qd-i is the degree-(d— i) elementary polynomials of ci, • • • , Cd-i- If holds, a 
simple calculation shows that there is some constant 

C = C(d,Mi) > 1 

depending only on d and Mi such that by taking Mi + \ large enough, the following 
inequalities hold. 

(i) C- 1 < \a l+1 \ < C, 

(ii) \a k \ < C for 1 < k < I, 

(hi) \a k \< d\- for I + 2 < k < d. 

From (i) and (ii) it follows that by taking R > large enough, we can make sure that 
i 

(50) ^M|zP« for \z\ > 

2=1 

Fix such an R. Then from (iii) it follows that if we take 

M l+1 > R 

large enough, then we have 

d 

(51) « \ a W z ' +1 \ for\z\<\C-R l+1 \. 

i=l+2 

Now define a quasi-regular map F as follows. 
(f(z) for \z\<R 

F(z) = I f(z) - ^-Mgg— (/(z) - a l+1 z l +^), for < \z\ < \a l+1 R l +'\ 
if |z|> |a ;+1 i? J+1 |. 

By definition, F is holomorphic for \z\ < R and \z\ > |a; + ii? /+1 |. From (i-iii) and a 
simple calculation we get 

|i^|«|F z |fori?<|z|<|a ;+1 i? i+1 |. 

provided that R and M; + i are large enough (the choice of M/ + i depends on R). This 
implies that the real dilatation of F in {z \R < \z\ < \ai+iR l+1 \} can be arbitrarily 
close to 1. Note that the forward orbit of any point z passes through the annulus 
{z \R < \z\ < \ai + iR l+1 \} at most two times. By a routine argument it follows that F 
is conjugate to a polynomial of degree I + 1 through some K-qc homeomorphism where 
K > 1 can be arbitrarily close to 1 provided that R and Mi+i are chosen appropriately 
large. 

Let V — {z | \z\ < R} and U be the component of / _1 (V) which contains the origin. 
From (|50)l. it follows that UgV and / : U -> V is of degree i + 1 and thus (J7, V, /) is a 
polynomial- like map (whose Julia set may not be connected). From the last paragraph it 
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follows that (U,V,f) is K-qc conjugate to some polynomial of degree I + 1. This proves 
the Claim. 

Now let Mi = 1. By successively applying the Claim we get 

l = Mi <M 2 < •■• <M d _i. 

Let M = Md_i. Suppose 1 = |c rf _ 2 | < • • • < |ci|. 

In the first case, |c,| < M for all 1 < i < d — 2. The first assertion obviously holds in 

this case. Note that the absolute value of the leading coefficient of / is l/\c\ |c«i-i| > 

1/M d_1 , and that all the other coefficients of / are bounded above by some constant 
K(d,M) depending on d and M. This implies the existence of an R(d,M) such that / 
is dominated by the leading term for all \z\ > R(d,M). In particular, this implies that 
the diameter of the Siegel disk is not greater than R(d, M). Since M depends only on d, 
the second assertion of the lemma follows. 

In the second case, there is some Cj such that \a\ > M. Let I < I < d — 2 be the least 
integer such that |cd-z-i| > Mi+%. Then we have (J49j) . The first assertion follows from 
the Claim. For the second assertion, let us go back to the proof of the Claim. We see the 
Siegel disk centered at the origin is contained in V — {z \ \z\ < R}. Since R < M/+i < ill, 
it follows that the diameter of the Siegel disk is not greater than 2M. Since M depends 
only on d, the second assertion follows. 

The proof of Lemma 17.11 is completed. □ 

Let < a < I be a bounded type irrational number and d > 2 be an integer. Let 
denote the class of all the polynomial maps / such that 

f(z) = e 2ma z + a 2 z+--- + a d z d 

with ad ^ and /'(l) = 0. Let A denote the unit disk and D denote the Siegel disk of 
/ centered at the origin. 

Lemma 7.2 ([18]. Shishikura). There exists a K = K(a,d) > 1 depending only on d 
and a such that for any polynomial map f G "P^, if <\> : A — » D is the holomorphic 
isomorphism such that (f)^ 1 o / o 4>{z) = e 2ma z for z € A, then <f> can be extended to a 
K-qc homeomorphism of the plane. In particular, the boundary of the Siegel disk of f 
centered at the origin is a K -quasicircle. 

For a proof, see [TH] or [2"5] . 

Lemma 7.3. The boundaries of the Siegel disks of 

2<l<d 

at the origin moves continuously with respect to the Hausdorff metric on the spaces of 
non-empty compact sets of the plane and the topology of \^2<i<d'^'a * s given by open- 
compact topology, that is, f n f with respect to this topology means that f n uniformly 
converges to f in any compact set of the plane. 

Proof. Let / S U2<i<d^ , a- Assume that f n f. Let D and D n be respectively the 
Siegel disks of / and /„ which are centered at the origin. It suffices to prove that dD g 
is close to dD f with respect to the Hausdorff metric for all n large enough. It is known 
that both of them contains critical points. 
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We may assume that D ^ D n since otherwise there is nothing to prove. Since both D 
and D n contains the origin as an interior point there is a point w £ (D<~)dD n )U(D n ndD). 
Without loss of generality, let us assume that w £ D n dDn. Let T w C D be the /- 
invariant curve containing w. Let Of(w) — {f k (w)}k>o and O g (w) = {g k (w)}k>o- Then 
Of(w) and O g (w) are dense in T w and dD n respectively. For any integer m > 1, the two 
finite orbit segments 

{f h (w), < fc < m}; and {/ fc H, < k < m} 

can be arbitrarily close to each other provided that n is large enough. By Lemma 17.21 
there exist two K(a, d)-qc homeomorphisms of the plane which fix and oo, say <f> and %j) 
such that <?T 1 o / o (j>(z) = e 2m z and V" 1 o 5 o ip(z) = e 27Tta z for all z £ A. cj>(T r ) = T w 
and i/j(T) = dD g . Suppose w — 4>(zq) for some zq with < \zo\ < 1 and w — ip(Co) for 
some Co € T. Then Each component of F^ \ {f k (w),0 < k < m} is the 0- image of a 
component of 

{z\ \z\ = \z \] \ {e 2k ™ a ■ z | < k < m} 
and each component of dD n \ {/„(w), < k < m} is the ^-image of a component of 

T\{e 2fc7 " Q -Co|0<fc<™}. 

By the second assertion of Lemma I7TT1 the Siegel disks of / and /„ are contained in some 
compact set of the plane. Since 4> and "0 fix and oo and are K-qc homeomorphisms of 
the plane for some K depending only on d and a, there exist C > 1 and < rj < 1 which 
are independent of n such that for any zi, zi with \z\\, \ z-i\ < 1 we have 

\ct>{zi) ~ <f>(z 2 )\ <C-\zi- z 2 \v and |V(^i) - 1>(z 2 )\ < C ■ \z x - z 2 \ n . 

Since the components of 

{z\\z\ = \z \}\{e 2k ^ a ■z o \0<k<m} 

and 

T \ { e 2k7Tla ■ Co | < k < m} 

can be arbitrarily small provided that m is large enough, it follows that F^, and dD n can 
be arbitrarily to each other provided that n is large enough. 

Now we claim that T^, is close to dD also provided that n is large enough. This is 
because if not, then by Lemma I7T21 it follows that the modulus of the annulus bounded 
by dD and has a positive lower bound. But since dD n is close to F^, and contains a 
critical point of /„, it follows that there is a critical point of /„ contained in D and is 
bounded away from dD. But since /„ — > / uniformly in D, there would be a critical point 
of / contained in D. This is impossible. This completes the proof of Lemma [773] □ 

Lemma 7.4. Suppose f n £ U2<2<d * s a sequence such that for each f n , the boundary 
of the Siegel disk centered at the origin passes through the critical point 1 . Then f n has 
a subsequence f nk which converges to some f € {J^Kd^a- Moreover, the Siegel disk of 
the limit polynomial map g centered at the origin also passes through the critical point 1, 
and for any k > m > 0, we have 



lim a km (f n ) = o- k , m {g)- 

71— >00 
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Proof. By the second assertion of Lemma 17. 1[ the critical points of all /„ are uniformly 
bounded away from the origin; that us, there is a uniform L > such that for each f n , 
the critical points of f n are contained in the outside of the disk {z | \z\ > L}. For each 
/„, let us label the critical points of /„ by 

n n n -i 

1 ' ' ' ' i c d-2> c d-l — 1 - 

By taking a subsequence, we get l<ii<---<ii<d — 2 and d — 1 — I such that for all 
1 < 3 < I, 

c" — > oo and n — > oo, 
and for all k ^ ij , 1 < j < I and 1 < k < d — 1, we have 

where c£ is some non-zero complex number. Let g denote the polynomial of degree d — I 
which has critical points at these c* k ,l < k < d — 1 and k ^ < j < I. It is clear 
that f rik converges to g uniformly in any compact set of the plane. This proves the first 
assertion of Lemma 17.41 Let us prove that the boundary of the Siegel disk of g centered 
at the origin must also contain the critical point 1. Suppose this were not true. Then the 
critical point 1 is bounded away from the boundary of the Siegel disk g. Since /„ —¥ g, by 
Lemma l7.31 the boundary of the Siegel disk of /„ centered at the origin can be arbitrarily 
close to the boundary of the Siegel disk of g centered at the origin. This would imply for 
all n large enough, the boundary of the Siegel disk of /„ centered at the origin does not 
pass through the critical point 1. This is a contradiction. For k > m > given, /* — > g k 
and /™ — » g m uniformly in any compact set of the plane. Thus o~k,m{fn) — > &k, m (g) as 
7i — y oo . This implies the second assertion. The proof of Lemma 17.41 is completed. □ 
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